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Taylor Polynomials| 6

1 TAYLOR POLYNOMIALS

1.1 THE TAYLOR POLYNOMIAL

— Most function f(x) (e.g. cosx,e”,\/x) cannot be evaluated exactly in simple way.
— The most common classes of approximating function f (x) are the polynomials and an efficient approximating
polynomial is a Taylor polynomial.

— A related form of function is the piecewise polynomial function.

Tavlor Pol ial of deg )
| Laylor Polynomial of dearee n] e ion F(x) about o — a :

e linear polynomial, pi(x) : pi(a) = f(a) and p(a) = f'(a)
pi(x) = f(a) + (z — a) f'(a).

e quadratic polynomial, pa(z) : pa(a) = f(a), ph(a) = f'(a) and pj(a) = f"(a)
p2(x) = fla) + (x — a) f'(a) +

e polynomial of degree n, p,(z) : pu(a) = f(a),p(a) = f'(a),--- ,p%n)(a) = f)(a)
(ie.pi’(a)= /W), k=01 .n)

pu(x) = f(a) + (x — a) f'(a) +

k:

o

Example (1). Find the Taylor polynomial of degree n, p,(z;a), for f(z) = e* about = = a.
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1.2 The Error in Taylor’s Polynomial Taylor Polynomials 7

L_Il\/’latlab Code : To compare the three graphs f(z), p1(x) and pa(x) around x = 0

z =-1:0.05:1; %hz=(x-a) = x

fx = exp(z); % function value of f(x)

Dkfzero = ones(l,length(z)); % function value of f~(k)(x) at x=0
pl = Dkfzero + Dkfzero.*z; % linear polynomial

p2 = pl + (1/2)*Dkfzero.*(z.72); % quadratic polynomial
plot(z,fx,z,pl,z,p2,':")

1.2 THE ERROR IN TAYLOR’'S POLYNOMIAL

Theorem 1.1 (Taylor’'s Remainder). Assume that f(x) has n+1 continuous derivatives on an interval [a, 3], and let

a € [a, B]. For the Taylor polynomial p,(x) of f(x), let R, (z) := f(x) —py(x) denote the remainder in approximating
f(x) by py(x). Then

R,(z) =

(x(n_—f)lT;j!Ll 0 e), a<z<p

with ¢, an unknown point between a and x.

Example (2). The approximation error of f(z) = e” and its Taylor polynomial p,(x) with a = 0 is given by

e’ — pu(x) = Ry(x) = R e (n>0) with ¢ between 0 and x.
n !

For each fixed z,
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1.2 The Error in Taylor’s Polynomial Taylor Polynomials 8

’ N P A — o0 b tim 22—
e’ —pp(x) = Ry(x) = 1) e — 0 as n oo because  lim —-=0.
Let us take the degree n so that p,(z) approximates f(z) on an interval [—1, 1] with the accuracy
|R,(x)] <1077
Using the upper bound of |R,,(x)|
’x|n—|—1 e 3 9
R, = c< < <1077,
) = o S 0 S 1y S

we can find the sufficient degree n so that the approximation error is bounded by the tolerance 1079 :
|Ry(x)] <1077 when n > 12.
Some Taylor polynomials :

2 " n+1

T X
r—1 - - ¢
T i TR
. 5133 513'5 1 xQn—l . xZn—l—l
Slnx:l'—?ﬁ—g——l—(—l) m—f-(—l) WCOSC,
1'2 .’L’4 . x2n 1 x2n+2 -
Cosle—EJrE—---Jr(—l) (2n)!+(—1) (2n—+2)!smc,
n+1
=l+z+a’+ 2"+ , (x#£1),

11—z 11—z

« (0 (0] (0
(1+56')a:1—|—(1)56—|—(2)x2++( )xn_‘_< 1>xn+1(1+c)a—n—1’
n n —+

where the binomial coefficients are defined by
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1.2 The Error in Taylor’s Polynomial Taylor Polynomials 9

o :oz(oz—l)---(cv—k:—l—l)7 k=123,
k k!

Assume that f(z) is infinitely many differentiable at = a and
lim [f(2) = po(2)] = lim R,(x) =0,
the infinite series

k=0
is called the Taylor series expansion of the function f(x) about x = a.
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Error and Computer Arithmetic| 10

2 ERROR AND COMPUTER ARITHMETIC

2.1 FLOATING-POINT NUMBERS

— Numbers must be stored in computers and arithmetic operations must be performed on these numbers.

— Most computers have two ways of storing numbers, in integer format and in floating-point format.

Floating-Point Representation in the Decimal system' .
: more 1ntuitive

r=o0-x-10°

where 0 = 41 or —1 (sign), e is an integer (exponent), and 1 < z < 10 (significant or mantissa).

For an example,
124.62 = +1 - (1.2462) - 107

with the sign o = +1, the exponent e = 2, and the significant * = 1.2462.
e The above example is a five-digit decimal floating-point arithmetic.

e The last digit may need to be changed by rounding.
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2.1 Floating-Point Numbers Error and Computer Arithmetic| 11

Floating-Point Representation in the Binary system'

r=o0-7-10°

where 0 = +1 or —1 (sign), e is an integer (exponent), and (1); < Z < (10) is a binary fraction.

For an example,
(11011.0111)5 = (1.10110111)5 - 21992 with ¢ = +1, e = (100); = 4, and Z = (1.10110111)5.

e The allowable number of binary digits in Z is called the precision of the binary floating-point representation.

Single Precision Floating-Point Representation of x

has a precision of 24 binary digits and uses 4 bytes (32 bits):

x=o0-(l.byp by -+ b32)-2° (mantissa of decimal digits is 7 or 8) in normalized format

with the exponent e limited by

—126 = —(1111110)5 < e < (1111111), = 127.

o E T
by by b3 -+ by bio D11 -+ b32

—126 < e(:=E—127) <127 with 0< E = (bybs - bg)s < 255
e But, if E=(00---0)s =0, then e = —126 and T = (0.by9 by1 --- b32)2 with unnormalized format
® le:(111)2:255 and bm: "':b32:O, thenfz:l:oo,
e f E=(11---1)y=255and ~(bjg="---=bs =0 ) then = NaN.
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Double Precision Floating-Point Representation of x I . , o
has a precision of 53 binary digits and uses 8 bytes (64

bits):

with —1022 < e <1023  (mantissa of decimal digits is 15 or 16)

r=o0" (1b13 b14 cee b64) - 2°¢
o | E(=e+1023) 7
b1 by bg -+ bi2 b1z bia -+ bes

2.2 ACCURACY OF FLOATING-POINT REPRESENTATION

Machine epsilon' , ) i . )
is the difference between 1 and the next larger number that can be stored in the floating-point

format.

In single precision IEEE format, the next larger binary number is

1.00000000000000000000001

with the final binary digit 1 in position 23 to the right of the binary point.

The machine epsilon in single precision format is 2723 ~ 1.197".

In a similar fashion,

The machine epsilon in double precision format is 27°% ~ 2.22716,

e In Matlab, it uses the double precision format so that the machine epsilon is eps ~ 2.22716,
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2.2 Accuracy of Floating-Point Representation Error and Computer Arithmetic| 13

Largest integer M I _ . ' '
that any integer z (0 < x < M) can be stored or represented exactly in floating-point form

e In the single precision format (24 binary digits) :

M = (1.00---0)y - 2%t = 2% = 16777216 ~ 1.67".
e In the double precision format (53 binary digits) :

M = (1.00---0) - 273 = 253 =~ 9.0%.

2.2.1 ROUNDING AND CHOPPING

Let the significant in the floating-point representation contain n binary digits.
If the number x has a significant  that requires more than n binary bits, then it must be shortened when x is
stored in the computer.
e The simplest method is to simply truncate or chop = to n binary digits ignoring the remaining digits.
e The second method is to round z to n digits based on the size of the part of z following digit n.
Denote the machine floating-point version of a number z by fl(x).

Then fl(z) can be written in the form

fi(z) =2-(1+¢€) with a small number e.

Chopping : =271 < e <0

Numerical Analysis (Lecture Note) Byeong-Chun SHIN, CNU
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Rounding : —27" < e < 27" : much better
e The IEEE standard is using the rounding :

Single precision : —27% < e <27

Double precision : —27% < ¢ < 2793

2.2.2 ERRORS

Denote by zp the true value and x4 an approximate value.

Error : Error(z4) = 27 — x4

Relative Error : Rel(z4) = Ir = TA
LT

2.2.3 SOURCES OF ERROR

Modelling Errors
Blunders and Mistakes
Physical Measurement Errors

Machine Representation and Arithmetic Errors
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2.2 Accuracy of Floating-Point Representation Error and Computer Arithmetic| 15

Mathematical Approximation Errors

2.2.4 LOSS-OF-SIGNIFICANCE ERRORS

Compare the followings :
x
f(.%'):l'(\,l‘—F _\/E) f(x):\/m_*_ﬁ

To avoid the loss of significant digits, use another formulation for f(z), avoiding the subtraction of nearly equal

quantities.

2.2.5 NOISE IN FUNCTION EVALUATION

Using floating-point arithmetic with rounding or chopping, arithmetic operations (e.g., additions and multiplications)

cause errors in the evaluation of f(x), generally quite small ones.

Numerical Analysis (Lecture Note) Byeong-Chun SHIN, CNU
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2.3 UNDERFLOW AND OVERFLOW ERRORS

LMI : Attempts to create numbers that are too small lead to what are called underflow errors.

For example, consider an evaluation
f(z) = 21° for x near 0.

In the single precision arithmetic, the smallest nonzero positive number expressible in normalized floating-point

format (using the form of significant Z = (1.a; - - - agg)2) is
m=(1.0---0)y- 27126 = 27126 ;1 18 x 10735,
Thus f(x) will be set to zero if
' <m <= |z|< Ymx161x107" <= —0.000161 < 2 < 0.000161

e If the use of unnormalized floating-point numbers (using the form of significant £ = (0.a; - - - ag3)2) allows to

represent the smaller number.
m=(0.0---1)y-27126 =271 ~ 1.4 x 107%.

e Matlab uses the double precision unnormalized floating-point numbers.

(Using the form of significant £ = (0.a; - - - a52)2)

m = (0.0---1)y-271022 = 27107 ~ 4 94 x 1073* but 27107 = (0 = 107324,
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2.3 Underflow and Overflow Errors Error and Computer Arithmetic| 17

: Attempts to create numbers that are too large lead to what are called overflow errors (more fatal
errors).

In the double precision arithmetic, the largest positive number expressible in floating-point format

M=(11---1)-2108 = (1.1..-1)y-2°2.291

= (11---1)y- 2970 = (253 — 1) - 270 &~ 1.80 x 10308,

It is possible to eliminate an overflow error by just reformulating the expression being evaluated.

For example, with very large z and y (e.g., x = 10°"" and y = 10'®"), compare the followings

o [z|V/1+ (y/z)?,  0<|y| <|z|
z2=\/x*+y and z =
lyIV1+(x/y)? 0 <|z] <yl.

LM Add S from smallest to largest terms for the sum

n

S:a1+a2+---+an:Zaj

j=1
A Loop Error _ . _ _
Keep away from successive repeated rounding errors in operations.
X = a;
for j = 1I:n
. . for j = 1:in .
The following loop x = a + j*h |is better than in general.
Xx=x+h
end
end
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3 ROOTFINDING

Calculating the roots of an equation f(x) =0

3.1 THE BISECTION METHOD

Suppose that f(z) is continuous on an interval a < z < b and that

fla)f(b) <0.

Algorithm (Bisection Method)
: To find a root to f(x) =0

Bisection Method

60

Input Arguments : function f, Initial guess a and b, Tolerance tol
Output Argument : approximated root ¢

1. Define ¢ = (a + b)/2.

2. If b — ¢ < tol, then accept ¢ as the root and stop.

3. If sign[f(b)] - sign[f(c)] < 0, then set a = c.

Otherwise, set b = c.

4. Return to step 1.

—-20 L L L L
0 0.5 1 15 2
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3.1 'The Bisection Method RootFinding 19

Error Bounds I

Let a,, b, and ¢, denote the nth computed values of a, b and ¢, respectively. Then

1 1
bpi1 — Ayl = §(bn —a,) = 2—n(b —a), n>1

Since a root « is in either the interval [a,, ¢,] or [¢,, by],

la—cy| <ecn—an=b,—c, = %(bn —a,) = 2%(() —a). <« linear convergence
Hence,

the iterates ¢, converge to a as n — oo.

How many iterations?

From
1
lov — ¢,| < 2—n(b—a) <,
we have
1 b—a
n > ) ( ¢ ) :
—  log?2
Advantages

e This method guarantees to converge.

e This method generally converges more slowly than most other methods (e.g., for smooth functions).

Numerical Analysis (Lecture Note) Byeong-Chun SHIN, CNU
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alatlab Code ] (Bisection Method)

Sttt pA
function [rt, err] = bisect(a,b,tol,maxitr)
o yA

% function [rt, err] = bisect(a,b,tol,maxitr)
if sign(f(a))*sign(f(b)) > 0
disp(' f(a) and f(b) are of the same sign. Stop!

end
if a >=b
tmp = b; b =a; a = tmp; % Make a < b
end
c = (at+b)/2; itr = 0;
fprintf('\n itr a b root f(c) error

while (b-c > tol) & (itr < maxitr)

itr = itr + 1;

if sign(f(b))*sign(f(c)) <= 0, a = c;

else b = c;

end

c = (a+b)/2;

fprintf (' %4.0f 9%10.7f 910.7f 710.7f ¥12.4e
itr, a, b, ¢, f(c), b-c);

function y = f(x)
y =x."6 —-x -1,

') ; return

%12.4e \n',
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3.2 Newton’s Method RootFinding| 21

3.2 NEWTON’S METHOD

Newton Method

40

ol X =%~ f(xn) / f’(xn) |

y=f(x)

20 B

10 B

tangent line

-20 I I I I I I
0.5 1 15 2 25 3 35 4

Let y = p1(x) be the linear Taylor polynomial (the tangent line passing through (z, f(z)) )
of y = f(x) at x = x¢:
pi(z) = f(zo) + f'(z0)(z — ).

If 1 is a root of p;(x), then

f(iUo)
f'(xo)'

Numerical Analysis (Lecture Note) Byeong-Chun SHIN, CNU
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3.2 Newton’s Method RootFinding| 22

Algorithm (Newton’s Iteration)'
: To find a root of f(x)

With an initial guess g

S (@n)

T P
n

Error Bounds I

Assume that f € C? in some interval about the root o and f'(«) # 0.

=0,1,2,....

Using Taylor’s theorem yields
1
0= f(O[) - f(xn) + (Oé - xn)f/(xn) + 5(05 o mn)2f”<cn)

with ¢, an unknown point between o and x,,.
 J(@)
f(xn)

2 J"(cn)

! 2f'(zn)

+a—z,+ (a—z,)

Using Newton’s iteration =T, — Tpil
/ ) + Y

2 I (¢n)

0=z, —Tp1+a—z,+ (a—x,)

e

or a— Ty = (a—xp)? [—

2f"(an) 2f"(xn)
Thus, we have the second order error estimates (quadratic convergence):
"
Mo — x| < |M(a — 2y 1)* < -+ < [M(a — 20)|*  where |2ff/(<0xn73) < M.

e If the initial error is sufficiently small, then the error in the succeeding iterate will decrease very rapidly.

Numerical Analysis (Lecture Note) Byeong-Chun SHIN, CNU
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Example. Find a root f(z) = 2°

the bisection method.

1
Example (How to compute 5 without the division?).
1 _ 1
Assume b > 0. Let f(z) =b— —. Then the root is « = 7
x

1
Using the derivative f'(z) = —, we have the Newton Method given by
x

1
b— -

Tyl = Ty — — or Ty = x,(2 —bxy).

72
:'En

This involves only multiplication and subtraction.

For the error, using a = 5 yields

Rel(x,) = [Rel(z,-1)]> = -+ = [Rel(z0)]*  (n>0).
The Newton iteration converges to o = i with the second order if and only if
1 ) 2
|Rel(z0)] <1 <= —1<? <l 0<xy<~.

T b
If |Rel(xg)| = 0.1, then |Rel(z,)| = 1072". (e.g., |Rel(x4)| = 10719)

What is the first order error?

len] =vlen—1| =+ =9"|eo] with some 0 <y < 1.

— x — 1 with an initial guess o = 1.5 and then compare this with the results for

Numerical Analysis (Lecture Note)
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3.3 Secant Method RootFinding| 24

3.3 SECANT METHOD

Secant Method

40

Xopp =X, FO) [0 —x ) 7 (fOx )=f(x )]
30

20

101

-10 i

secant line

-20 ! ! ! ! I I
0.5 1 15 2 25 3 35 4

Let y = p(x) be the linear polynomial (the secant line) passing through (x¢, f(z¢)) and (x1, f(x1)) :
p(a) = fa) + LT

1 — Zo
XK — Xo

flxy = fxo)

Algorithm (Secant Method)' To find b of f(z)
: To find a root of f(z

With two initial guesses xy and x4

If x5 is the root of p(z), then xy = 21 — f(x7)

Lp — Tp—1
n > 1.

f(@n) = f(rn-1)’ B

Tpyl = Tp — f(xn) :

Numerical Analysis (Lecture Note) Byeong-Chun SHIN, CNU



3.3 Secant Method RootFinding| 25

Lagrange Interpolation Polynomial Approximation

If f € C"*! in some interval [a, b] and {x;}}?_, C [a,b], then there exists a number £(z) € (a,b) such that
FU(E)
(n+1)!
with the Lagrange interpolation and the k-th Lagrange shape polynomial of degree n :

f(z) = Py(x) + (x — )+ (x — xp)

n

Py(z) = Z f(xe)Lyni(z) and Lyg(x) = H Cant) _ (—m)  (z—m)
k=0

AL oe—w) ~ w—w) (a—w)

Error Bounds I

Assume that f € C? in some interval about the root o and f'(a) # 0.

Using Lagrange interpolation yields

F@) = = ) 4 ) + e ) ) )
and then
0= f(a) = Sk play) 4 U ) + )@ - )(6)

with &, an unknown point between min{a, z,,_1, z,} and max{«, z, 1, z,}.

Also, we have from the Mean Value theorem that

f(xn—l) - f(xn) - (xn - xn—l)f/(Cn)
with (, an unknown point between z,,_; and x,,.

From the last two equations, we have

Numerical Analysis (Lecture Note) Byeong-Chun SHIN, CNU



3.3 Secant Method RootFinding| 26

0= f(an) + (o = 2)f(Ca) + %(a —na)(a@ = 2) (&)

or
f(an) f" (&)

0= + (a0 —x,) + (a0 — Tpp_1) (v — 2,

Now, using the secant iteration
Lp — Tp—1 f(wn)
L :xn_fxn' = Tn — )
. ) ey = o) T PG
B f" (&)

0= (a—xp1) + (@ —2y1)( xn)Qf/(Cn)

so that
—f”(fn)]

a—Tpi1 = (a—xp_1)(—x, :

Let us consider the following identity
. —f"(@)] _ |[=f"(&)

lenst] < len| - |len1| M with M = ‘ 2 (a) R~ 27 | Vn.
Then

|€n+1| ‘en‘ “ . 1+\/5 1_\/g .

< M- h = = .€. =1 =—1

so that

MﬂlenJrl‘ < Mﬂ |eﬂ‘ “ < MB ‘61| ) with /8 — 1

[ len—17) — i a—1

Taking the limit
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le1]

lim [en il < M~" lim (M5—> =M P =MY"=M"1 because lim o = 0,

n—00 ‘enh n—00 ‘60|7

we have the following approximate error estimates:

n—oo

lenii] = o = znia| = cla —a|" = clen|”

with ~ =

B

1+
2

~ 1.62.

e If the initial error is sufficiently small, then the error in the succeeding iterate will decrease very rapidly.

e Newton method converges more rapidly than the secant method but it requires two function evaluations per

iteration, that of f(x,) and f'(x,).

e And the secant method requires only one evaluation f(z,).

e For many problems with a complicated f'(x), the secant method will probably be faster in actual running time

on a computer.

Example. Find a root f(z) = 2°

then compare this with the results for the Newton method.

— x — 1 with initial guesses g = 1 and z; = 1.5 using the Secant method, and
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3.4 FIXED POINT ITERATION

To find a fixed-point « of g(z) : a = g(«)

Fixed Point Iteration

| | | | | | | | |
0 0.2 0.4 0.6 0.8 1 12 1.4 1.6 1.8 2

Algorithm (Fixed-Point Iteration)'
: To find a root a of x = g(x)

With an initial guess xg

Tpi1 = g(x,), n>0.

e If the sequence x, converges, then lim z, = a.
n—oo
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Lemma 3.1. Let g(x) be a continuous function and suppose g satisfies
a<glx)<b for a<z<b.
Then, the equation x = g(x) has at least one solution « € [a,b].

Proof. Define f(x) = © — g(x). Then the function f(z) is continuous on a < x < b. Since f(a) < 0 and f(b) > 0,
by Intermediate Value Theorem there exists a root of f(x) on [a,b]. Hence the equation x = g(x) has at least on

solution « € [a, b]. O

Theorem 3.2 (Contraction Mapping Theorem : SA&AMIE 7). Assume g(x) and ¢'(x) are continuous on [a,b],

and assume a < g(x) < b for a < x < b. Further assume that

A= ! < 1.
gggb\g (z)]

Then
S1. There is a unique solution o of x = g(x) in the interval [a,b).

S2. For any initial guess xg € [a,b], x, converges to .
n

1—A

a—x
S4. lim — = (a)  so that o — zpi1 ~ g'(a)(a — zy).

S3. la —x,| <

|1 — x|, (n>0).

Proof. For u,v € |a,b], using Mean Value Theorem yields

lg(u) — g(v)| = |¢'(w)| |[u —v| < A|u—wv|, for some w between u and v.
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S1 | Let a and § be solutions to x = g(z). Then o = g(a) and 8 = g(/3) so that
oo = Bl = lg(@) —g(B) < Ala= B[ or (1 =N]a—p[<0.
Since A < 1, a = 3. Hence there exists a unique solution of x = g(x).

S2 | By assumption, if 2y € [a,b], x1 = g(zo) € [a,b]. By mathematical induction, it holds that the fixed-point

iterations x,11 = g(z,) € [a,b]. For convergence of x,, we have
a—Zpi1 = g(a) —g(z,) = ¢'(cn)(a—z,) for some ¢, between o and z,.
Therefore we have
la — x| < AMa— 1] < Ao — 20, n<0.
Since A < 1, x,, converges to a.
S3 | Since

o — zo| < |a— 21|+ |21 — 20| < N — 20| + |21 — 0,

1
(I =MN|a—ao| < |z —20] o0Or |ov— 120 < 1_)\|a:1 — ).
Using the argument of S2|, we have
o~ ] < s =, (02 0)
o= | < 7 le1—20l, (n20)
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S4 ] Using the argument of S2 that
a—Tpr1 = g(a) —g(x,) =¢'(ch)(a—x,) for some ¢, between a and

we have

. & — Tp+1 )
lim ——— = lim ¢'(c,).

Since ¢, is between « and z,,, and since x,, — «, we have ¢, — a.

From the continuous of ¢'(z), we have ¢'(¢,) — ¢'(«). It completes the conclusion.

Corollary 3.3. Assume a € (¢,d). If g(x) and ¢'(x) are continuous in (c¢,d), and if
g ()] <1,

then, there is an interval [a,b] around o« for which the conclusions of the above theorem are true.

If ¢’ () > 1, then the fized-point iterations do not converge.

Error Bounds I

We have the linear convergence error bound :

o — 1| = N|ao— x| sothat |a—x,| = A" |a — 2.
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Remark (Order of convergence p).

o — 1| = cla—a,P, n>0.

Aitken Error Estimation : 2 X527 %] _
: to estimate the error

Denote by A = ¢’(«). Then

a— T, = ANa—T,1)

or
A
R Ty + 1— )\(l'n _xn—l)
Denote by
Ay o= En =t 9(@n) = 9(@ns) g (o) = g'(@) =X
Tp—1 — Tp-2 Tp—1 — Tp—-2
Then we have the Aitken’s extrapolation formula : of|o]719] 2] 7F&4] -
An
o — X, = /\n(xn — Tp_1).

Example. Find a root f(z) =1 — %ZCQ using the fixed point method. That is, find the fixed point to x = g(z) :=

1+:c—%x2.
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4 INTERPOLATION AND APPROXIMATION

4.1 POLYNOMIAL INTERPOLATION

4.1.1 LAGRANGE INTERPOLATION POLYNOMIALS

Definition (Interpolation). Let V' be a function space with domain D and let f(z) be a function defined on

{z;}", C D. If a function p(z) € V satisfies
p(z;) = f(z;) foralli =0,1,--- ,m,

then p(x) is called an interpolation in V' for the function f(z) with respect to {z;},.

e If VV is a space of polynomials, then p(x) is called a polynomial interpolation.

Define the k-th Lagrange shape polynomial (Lagrange polynomial basis) of degree n :

n

Lox(z) = ] (@—2) _ (@—20)  (2—2p1) (@—2p1) (2 —20)

o @) (e —a0) (k= wp) (o —wea) (o= aw)

When we know the degree n apparently, we denote by Ly (x) := L, i(z)(z).

1. Linear Interpolation| which interpolates the values y; at the points z;, : = 0,1 :

T —T T —
Py(r) = Ll,O(ﬂf) Yo + L1,1($) Y1 = ! + 0

Yo Y-
Ty — T T1 — Xo

2. Quadratic Interpolation | which interpolates the values y; at the points z;, ¢ = 0,1,2 :
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Py(x) = Loo(x) yo + Lai(x) y1 + Loo(z) yo
(x — x1)(x — 29)

(x — xg)(z — z2) (x — x)(x — 1)

(o — @) (w0 — 22)

Ya.

(21 — 20) (21 — 22) (29 — 20) (22 — 21)

3. Higher Degree Interpolation

which interpolates the values y; at the points z;, : =0,1,--- ;n:

Yr = Lno(z) Yo + Lpa(x) y1 + - -+ + Ly pn() Yn.

Py(x) = Ly(x)

Lagrange Polynomial Interpolation of degree n
— 2 - - which interpolates f(z) with respect to {z;},

Py(z) = Z Li(z) f
k=0

P(x;) = f(x;) for all i =0,1,--- ,n.

(2) = Lo(z) f(zo) + Li(x) f21) + - + Ln(z) f(20).

Error Estimate I

f(z) = Py(x) + n

If f € C™ in some interval [a, b] and {z}?_, C [a, ], then there exists a number ¢, between
min{z;, x} and max{z;, 2} such that

o e,)
+1)!

(x — )+ (x — ).
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Aatab Code ). (Polynomial Interpolation)

>> help polyfun
oo => interp*, griddata, polyfit, etc

%% Example 1
x = 0:10; y = sin(x); xi = 0:.25:10;
yi = interpl(x,y,xi); plot(x,y,'o',xi,yi)

%% Example 2
x = 0:10; y = sin(x); xi = 0:.25:10;
P
pv = polyval(p,xi);
plot(xi,sin(xi),xi,pv,'-0")

polyfit(x,y,5);

%% Example 3
rand('seed',0)
x = rand(100,1)*4-2; y = rand(100,1)*4-2; z = x.*exp(-x."2-y."2);
ti = -2:.25:2;
[xi,yi] = meshgrid(ti,ti);
zi = griddata(x,y,z,xi,yi);

mesh(xi,yi,zi), hold on, plot3(x,y,z,'o'), hold off
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4.1.2 DIVIDED DIFFERENCE

Goal : More easily calculable formulation for Interpolation polynomials

The first-order divided difference of f(x)

f[%o,wl] _ f<x1) - f(xO)

1 — Xy

Then, by the mean value theorem
flzo,x1] = f'(¢)  for some ¢ between z( and ;.

Also, if zy and z; are close together, then

flanm] = 7 (5.

The second-order divided difference of f(z)

flwo, x1, wo] = ﬂxhx:;i = :i([)xo’xl].

The third-order divided difference of f(x)

xr3 — Xo

The nth-order divided difference (Newton divided difference) of f(z)

f[:)j(),xl’ ce 7xn] _ f[xh T 7xn] - f[.fC(), s 7gjn_1] |
e The values of f[z;, i1, -+ , x| are same for any permutation (ig, i1, - ,4,).
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Theorem 4.1. Letn > 1, and f(z) € C"([«, f]). Let xg,x1,- -+ ,x, be the n+ 1 distinct numbers in [«, 5]. Then

1
flwo,x, o @] = — M (¢)  for some min{x;} < ¢ < max{x;}.
n!

For example, f[xo, 1] = f'(c),  flwo, x1,22] = %f”(c): flxo, 1, 22, 23] = %f’”(c)-

Example. Let f(x) =cosx, ro = 0.2, x1 = 0.3, x5 = 0.4. Check the above Theorem.

Let P,(x) denote the polynomial interpolation of f(z) at {x;}! :
Py(x;) = f(x;) foralli=0,1,--- n.

Then, the interpolation polynomial P,(x) can be written as

Newton divided difference of f(x) of degree n

Pu(z) = f(zo) + (¥ — z0) flzo, 21] + - + (2 — w0) (2 — 21) -+ - (T — my1) flwo, 21, - -+, 1)

=Pi(z) + (x —zo)(x —21) - (. — Tp1) flro, 1, - -+, ).
For example,
Py(x) = flxo) + (x — o) flzo, 1],

Py(z) = f(z0) + (x — o) flzo, 1] + (2 — o) (z — 21) f[z0, 21, T2
= Pi(z) + (x — xo)(x — x1) flz0, 71, 2]
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TABLE 1. Table of Divided Difference

v f(x) First DD Second DD Third DD
zo  flwo]
S flag,ar] = L [zﬂ = i‘“ £
1= 40
X1 f(xl) > f[x0;3717$2] _ f[xlal';] — :];[ZC(),ZCﬂ
2 7 40
> f[xl,l?] = f[l':j] - ZJ;[CUl] > f[ZL'(),iCl,ZL’Q,Ig] _ f[.%l,xg,x;] — 5];[33073;1’%-2]
2 — X1 ——
o f(x9) > flan, o, 03] = f[afz,xxg] — ij[zzrl,:cg]
3—T1
> f[$2,$3] = f[ZU;] _ 1[332] > f[l'1,$2,$3,1‘4] _ f[l’g,ilfp,,:]j‘;] — i[:};‘17;y27$3]
o 4 — I
X3 f(.??g) > f[x2,$3,$4] _ f[x37 ZU;] — £[$2,$3]
4 — T3
> f[iUS,ZUél] = f[i;l] B ZJUC[«I'?)] > f[332,$3,334,335] _ f[.%’g,le,l’;] — i[x27x3’$4]
v 5 — T2
ry  f(x4) > flug, 24, 75] = f[:m,xxg)] — i[xg,m]
5 — T3
> flea ) = 1222
5 — X4
x5 flas]
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alatlab Code ] (Evaluating Divided Differences)

% Filename divdif.m

% function dd = divdif(x,f)

% x(i) = nodes, f(i) = f(x_i)

% dd(i) = f[x 0,x 1,\cdots,x_i] : divided differences

function dd = divdif(x,f)
dd = £,
m = length(x);
for i=2:m
for j=m:-1:i
dd(j) = ( dd(j)-dd(G-1) )/( x(G)-x(j-i+1) );

end
end
fprintf('--- Divided Differences of f -—— \n');
fprintf (' 1 x i f(x_i) Di \n');
fprintf('------—--------"-""""" \n');

for i=1:m

fprintf (' %3d %8.2f 7%10.4f %10.4e \n',i-1,x(i),f(i),dd(i))
end

fprintf('-——-----------——— \n');
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fleo,ar,aa] => (w—w1) fleo @20 + floo, 1] => Pa(a) = (¢ = 20) (@ = 21) floo, 21,22 + flao, 1] ) + flao]

y=dd(3) => y = (z—w)dd(3) +dd(2) => y = (z — o) ((x — 2)dd(3) + dd(2)) + dd(1)

alatab Code ] (Interpolation using Divided Differences)

% Filename : interp dd.m

% function yvalues = interp_dd(nodes, fnodes, xvalues)

%» nodes = interpolation nodes, fnodes = f(nodes)

%  xvalues = coordinate to find the values of interpolation
%  yvalues = interpolated values

function yvalues = interp_dd(nodes,fnodes,xvalues);
m = length(nodes);
dd = divdif (nodes,fnodes);
yvalues = dd(m)*ones(size(xvalues));

for i=m-1:-1:1
yvalues = dd(i) + ( xvalues-nodes(i) ).*yvalues;
end

plot(nodes,fnodes, '-0',xvalues,yvalues,'--."');
title('Interpolation using divided differences')
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4.2 ERROR IN POLYNOMIAL INTERPOLATION

Theorem 4.2. If f € C"! in some interval [a,b] and {x;:}7_, C [a,b], then there exists a number c, between
k=0

min{z;, x} and max{z;, x} such that
(x — )+ (z — xp).

Example (Linear). Take f(z) = e* on [0, 1] and consider ¢, z; on [0, 1] satisfying |z —x¢| = h. Find the maximum
error bound of linear interpolation at = (zo < z < x1) to f(z).

(x — x0)(x — 1)

f(x) — P(z) = 5 e’ for some ¢, between between min{z;, 2} and max{xz;, z}.
. . X1 h2 h2
|f(x) = Pi(z)] £ max [z = 2)(z = 21) en| < & <t Why? : Homework
zo<r<Ty 2 3 8

Example (Quadratic). Take f(x) = e” on [0, 1] and consider xy, x1, xo on [0, 1] satisfying x; — ¢ = x9 — 1 = h.
Find the maximum error bound of the quadratic interpolation at x (zg < x < x2) to f(x).

Fla)-Pa(r) = 0l rn)(e )

e for some ¢, between between min{z;, 2} and max{z;, x}.

ez p3 eh?

= 9v3 SW§'

(2 —20)(z — 1) (x — 22) o,

£() = Pala)] < max .

ro<x<T2

Why? : Homework
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|Another Error Formula|Let P, () be the interpolation of f(z) at xg,z1,--- ,Tp,t:

poy1(z) = Pu(x) + (2 — 20) -+ (¥ — ) flwo, 21, -+ 5 T 1.

f(t) = Py(t) = pna1(t) — Py(t) = (t — o) -+ (t — xp) flwo, x1, -+, 1]
Let
Wi (t) = (t — o) -+ (t — ).
When the node points zg, - - - , x, are evenly space, ¥, (¢) change greatly through the interval zy <t < x,,.

e The values in [z, z1] and [z, _1, x,] become much lager than the values in the middle of [z, z,,].

e As n increases, this disparity also increases.

- Behavior of the Error .
510 T T T T T T x10™* Behavior of the Error (Gauss Points)
T T T T T

Dot A AL
| v \/V
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Example (Interpolation). Take f(z)

xj=—5+j*h,

g=0,1,--- n.

= H% on [—5,5] and let n > 0 be an even integer, and define h = 10/n

consider xg, x1, T2 on [0, 1] satisfying z; — xy = x9 — 1 = h. Find the maximum error bound of the quadratic

interpolation at z (z¢g < x < x9) to f(z).

Interpolation : Evenly Spaced and Gauss Points

1.5H

10,gauss X

-0.5 ' '
=5 -4 -3
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4.3 INTERPOLATION USING CUBIC SPLINE FUNCTIONS

Spline functions are piecewise polynomial functions.

TABLE. Interpolation Data

T 0 1 2 2.5 3 4
Y 2.5 0.5 0.5 1.5 1.5 1.125 0
Several Data Fitting Methods
5 T T T
,"“"" —6— Linear
[ ~ - Polynomial
; A —-— Cubic Spline

Quadratic Spline ||

s(x)
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Let y = I(x) be the piecewise linear interpolation.
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shape of y = [(x).

e y = g(x) : piecewise quadratic interpolation : not smooth

Linear and P6 Polynomial Interpolation
T

05F

Linear and Quadratic Interpolation

e y = pg(x) : polynomial interpolation of degree 6 : not similar to y = I(x)

We want to construct a smooth curve that interpolates the given data points, but one that follows the
x

e y = s(x) : natural cubic spline interpolation function : smooth and similar to y = ()

Linear and Cubic Spline Interpolation
T T T

-05
0
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4.3.1 SPLINE INTERPOLATION

Given n data points (x;,v;), ¢ = 1,2, -+, n satisfying
a=x1 <X <---<xT, =0>0,
let us seek a function s(z) defined on [a, b] that interpolates the data:
s(x;))=1v;, i=1,2,--- ,n.

For smoothness of s(x), we require that s'(z) and s”(x) are continuous.

There is a unique solution s(x) satisfying
e s(x) is polynomial of degree < 3 on each subinterval [z;_i,z;], j =2,3,--- ,n;
e s(z), s'(x), and s”(z) are continuous for a < x < b;
o §"(z1)=5"(x,)=0.

This function s(z) is called the natural cubic spline function that interpolates the data {(z;,v:)}.

4.3.2 CONSTRUCTION OF THE NATURAL CUBIC SPLINE

Introduce the variables M; with
M;=s§"(x;), i=1,2,--- ,n.

Since s(x) is cubic on each interval [x;_q,x;] and s”(x;_1) = M;_; and s"(x;) = M;, we have
() = () —x)Mj 1+ (x — x5 1) M

Tj— Tj-1

y Tj-1 Sl’ Sl’j.
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Integrating twice and using the interpolating conditions

s(zj1) =yj-1,  s(x) =y,
we have the following cubic polynomial, for z;_ <z <z,

. (l‘j—x)SMj_1+(.I'—$j_1)3Mj (a:j—x)yj_l—l—(x—ajj_l)yj_l S e ‘ . ‘
s(z) = 6(z; — ;1) + v — ;1) 6( j J*l)[( j— ) M1+ ( J*l)MJ]'

To ensure the continuity of s'(z) over [a,b], s'(z) has the same value at their common point z = z; on each

subinterval [z;_1, ;] and [z}, z;4+1].
This leads to the following system of linear equations:
Tj— Tj_1
6
with My, = M,, = 0.

Now, we have the so-called tridiagonal system which can be solved by special routines for tridiagonal systems:

Tjr1 — Tj—1 Tjy1 — Xy Yji+r1 — Yj Yj — Yj—1 .
J+ g J Mj J+6 JMj+1: J J 9] J 7 ]:273;

Mj_l + _ _ . '
Tj+1 — L5 Lj — Tj-1

AM=Y

where

A = diag | 171 Ll — 4y +%H—%y Y:[WH—%_w—w4

6 ’ 3 ’ 6 LTjt1 — Ty Tj— Tj-1
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Error Estimate I

Let f(x) be given on [a,b] and let n > 1,
b—a
n—1

h =

rj=a+(j—1h, j=12,--- n
Let s,(x) be the natural cubic spline interpolating f(x) at {z;}. Then we have
max | f(z) — s,(x)| < Ch?

a<x<b

where C' depends on f”(a), f”(b) and max,<,<p | @ (z)|.

If f(x) satisfies f"(a) = f"(b) = 0, or if we impose the boundary conditions
su(a) = ['(a),  s,(0) = f'(D),

or
sula) = ["(a),  s,(b) = f"(b),

then we have the improved error bounds

max | f(z) — sp(z)| < Ch*.

a<x<b

Natural Cubic Spline Cubic Spline with boundary condition s'(a)

sn = spline(x,y,xx) sb = spline(x, [a, y, (], xx)
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Comparting Natural/Boundary Cubic spline

2.5@ T T

.\.
\.
\ S'(0)=0
‘.\ .\ /
o \ 3] —
20\ 4 S”(4)=0 1
\NRY
\
A\ i
° \. ",,::::;-.
154 \. % * ::%'.
' \-\ \ o
X e,
.\ -&
A\ 4
S"(0)=0 W\
” = ; \
| $©0=0
RN
W
A
3
0.5
%
T £
N, ~ S'(4)=
R o7 (4)=0
'.\'. “'----.....-"':;" L\
0 1 1 ®eaalagee® 1 1 1 1 \- ')
0 0.5 1 1.5 2 2.5 3 3.5 4
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alatlab Code ] (Cubic Spline and Interpolations)

x=[0,1,2,2.5,3,3.5,4]; y=[2.5,0.5,0.5,1.5,1.5,1.125,0];
xx = 0:0.02:4;

%% Linear interpolation

1 = interpl(x,y,xx);

%% Polynomial interpolation of degree 6

p6 = polyfit(x,y,6); p = polyval(p6,xx);

%% Natural Cubic spline interpolation

sn = spline(x,y,xx);

%% Quadratic spline interpolation

x1 = 0:0.02:2; x2 = 2:0.02:3; x3 = 3:0.02:4;

y1 = polyfit(x(1:3),y(1:3),2); vyl
polyfit(x(3:5),y(3:5),2); y2
polyfit(x(5:7),y(5:7),2);
xq=[x1,x2,x3]; q = [yl,y2,y3];
%% Plots
plot(x,y,'o-"',xx,p,'.-.",xx,sn,'.--',xq,q,"'.:"',[0,4],[0,0],'k")
title('Several Data Fitting Methods', 'fontsize',13)

%% Cubic spline imposed boundary data s'(xl)=a and s'(xn)=b
a=0; b=0;

sb = spline(x, [a,y,b],xx);
plot(x,y,'o-"',xx,sn,"'.-."',xx,sb,'r.--"',[0,4],[0,0],'k")
title('Comparing Natural/Boundary Cubic spline','fontsize',13)

polyval(yl,x1);
polyval(y2,x2);
polyval(y3,x3);

<
N
Il

<

w
]
<

w
]
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4.4 THE BEST APPROXIMATION PROBLEM

Let f(z) be a given continuous function on a < x < b and let p(z) be a polynomial. Define the maximum possible

error in the approximation of f(z) by p(x) on [a, b]:

E(p) = max |f(r) — p(z)].

a<x<b

For each degree n > 0, define the minimax error by the smallest possible value for E(p):

n = min F(p)= min max | f(x) — p(x)|].
pu(f) i (p) i max |f(z) - p(z)]
There exists a unique polynomial p of degree < n that p,(f) = E(p).

The polynomial is called the minimax polynomial approximataion of degree n denoted by m,,(z).

Accuracy of the Minimax Approximation

[(b—a)/2]""! nt1
pulf) < Sy e, [fO ) ().

4.4.1 CHEBYSHEV POLYNOMIALS

For an integer n > 0, define the n-th Chebyshev polynomial:
To(x) =cosnf, O=costax (—1<x<1). eg Tolx)=1, Ti(z)=ux.
Using the trigonometric addition formulas, we have the triple recursion relation:

Toi1(x) =2xT,(x) — Thq(z), n>1. cf. cos(a+b) = cos(a)cos(b) — sin(a)sin(b).
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The Chebyshev Gauss points is the roots of the Chebyshev polynomial T, 1(x):

Tj = COS (%) , J=0,1,--- n. cf T(x) = Q”jHO(:c — ;).
Note that

T, (£1)|=1 and |T,(z)| <1, —-1<z<1
and

T,(x) = 2" 12" + lower-degree terms, n > 1.

Define a modified version of T},(x):

~ 1
T, (x) = FTn(x) = 2" + lower-degree terms, n > 1.
Then,
~ 1
T (z)| < ST —1<z<1, n>1.

A polynomial whose highest-degree term has a coefficient of 1 is called a monic polynomial.

Theorem 4.3. The degree n monic polynomial with the smallest mazimum absolute value on [—1,1] is the modified

~ 1
Chebyshev polynomial T,,(x), and its maximum value on [—1,1] is STt

4.4.2 A NEAR-MINIMAX APPROXIMATION METHOD

Let xg, 1,2, x3 be the interpolation node points in [—1, 1], and let c3(x) denote the polynomial of degree < 3 that

interpolates f(z) at xg, x1, 9, and x3. Then, the interpolation error is given by
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where
w(x) = (x —xo)(r — 21) (T — 22) (T — 3).
Want to choose the interpolation points xg, x1, T2, x3 so that
max |w(z)|
is made as small as possible.

Note that w(x) is a monic polynomial of degree 4:
w(z) = 2* + lower-degree terms

The smallest possible value for max |w(x)| is obtained with

—1<x<1
~ 1. 1
w(z) = Tu(z) = 42<f) = <(8a" - 82”4 1),

and the smallest value is 1/23 in this case.

e The node points are the zeros of w(x), and they must therefore be the zeros of Ty(x).
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Matlab Code : (A Near-Minimax Approximation using Chebyshev points)

% cheby_intp.m
% A Near-Minimax Approximation using Chebyshev points
function cheby_intep(n,a,b)

if nargin==1, a=-1; b=1; end
CG_pts = inline('cos( (2%[0:n]+1) .*pi./(2*n+2) )'); % CG-points function
ft f = inline('exp(x)'); % Example function
x = a:(b-a)/1000:b; % Sample points
ep = la:(b-a)/n:b]; % Equispaced points
pn = polyfit(ep,ft_f(ep),n);% Poly Interpolation using Equispace points
pnx = polyval(pn,x); % its values
cg = CG_pts(n); cg = a + (b-a)*x(cg+l)./2; % Chebyshev points on [a,b]
cn = polyfit(cg,ft_f(cg),n);’% Poly. Interpolation using CG-point
cnx = polyval(cn,x); % its values
fx = ft f(x);
maxerr_ep = max(abs(fx-pnx)); maxerr_cp = max(abs(fx-cnx));
figure(1)
plot(x,fx,x,pnx,x,cnx,'r--',cg,ft_f(cg),'o'); title('Chebyshev Interpolation (red --)')
figure(2)
plot(x,fx-pnx,x,fx-cnx,'r--',[a,b],[0,0],'k"'); title('Chebyshev Error (red --)')
fprintf ('---- Chebyshev Points and Equispaced Points Interpolation-------- \n')

fprintf('Degree = %g Max_Error(CP) = %10.4e Max_Error(EP) = %10.4e \n',
n,Maxerr_cp,maxerr_ep);
fprintf('--————--------"-——— \n')

Numerical Analysis (Lecture Note) Byeong-Chun SHIN, CNU



4.5 The Best Approximation Problem

Interpolation and Approximation| 55

« 107 Chebyshev Error (red ——) and Equispace Error (blue -)
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4.5 LEAST SQUARES APPROXIMATION

We want to seek a polynomial p(x) approximating f(z) over [a, b] and minimizing eh L*norm error E(p; f).
Let f(z) be a square integrable function on a < x < b, i.e., f € L*([a,b]), and let p(x) be a polynomial.

Define the L?-norm error(or root-square-error) in the approximation of f(x) by p(z) on [a, b]:

. U f(2) — p(a)2dz|  demoted by |f — pl.

2

Note that minimizing E(p; f) for different choices of p(x) is equivalent to minimizing E(p; f)-.

Example. Let f(z) = ¢e" and let p(z) = ag + a;x over the interval [—1,1]. Then, we have

o 1 o 1
_g:_2/ le" — ap — ayzx]dr = 0, —g:—2/ zle” — ag — ayz|dr = 0,

Odag 1 day 1
so that
1 9 1
2a9 = / e“dr=e—et, Za; = / zetdr = 2e !,
-1 3 -1
or
e—e ! 1
ap = 5 ~ 1.1752, a1 =3e " = 1.1036.
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Let
p(z) =ag+ax+ -+ aa”

and let us define

b
glag,ar, -+ ,a,) = / [f(z) —ap — a1z — -+ - — a2 dx
a
and let us seek coefficients ag, ay, - - - , a, that minimize this integral.
Since the integral g(ag,ay,- - ,a,) is a quadratic polynomial in the (n + 1) variables ag,aq,- - , a,, a minimizer

can be found by invoking the conditions:
dg
8@1'

Then, we have the following linear system:

n b b
Z(/ xiJrjdx)aj:/a:if(x)dx, i=0,1,---,n.

j=0 a

b
:—2/ [f(x) —ag— a1z — -+ — apa"a’de =0, i=0,1,--- n.

With solving the above linear system we can find the least-squares approximation p(z) = ag + a1 + - - - + a,z".

In this case, if [a,b] = [0, 1], then the coefficient matrix of the resulting linear system is Hilbert matrix of
1
ij = ma
which is known as an ill-conditioned matrix and difficult to solve accurately.
So, we need to introduce a special set of polynomials, e.g., the Legendre polynomial, to get a better approach to
minimizing E(p; f).

Define an inner product:
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b
(f.9) = / f(2)g(x)dz.

Let P;, 7 =0,1,--- ,n be orthogonal polynomials of degree j, e.g., the Legendre polynomials:

(P“Pj){ 0, i#]j

Let
l(x) = a;P,
=0
and define
B n n B n (f, Pj)2
glag,ar, - an) = F =D aiPf=> aiP | =(f.f)= )
. ‘ — (P;, P;)
J=0 Jj=0 j=0
From
dg (f, P})
— 9P P o —
da, ( Js ]) [a] (Pj,Pj) 0,
we have
f,P)
o ~01.---
a] (PJ,PJ)a J O: ) ) 10,

and then the minimum for this choice of coefficients is
n

g(ao,al,--- ,an):(faf)_z%
o (it

We call this polynomial

n

+ (P, P)

J=0

[‘”’ B ((]f];))] -
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o
=
<

o - . - (faPJ) o - (fvpj)
En(m)_;ajpj_jz;(Pj,Pj)Pj_ ,

.

the least squares approximation of degree n to f(z) on [a,b].
e Also, we call £,(z) the L*-orthogonal projection of f(x) upon P, the space of polynomials of degree n.

This means that £,(x) minimizes the L?>-norm error E(p; f) over P,:
E(l; f) = min E(p; f) = min||f —pl|.
peP,

e If P; are the Legendre polynomials, then the function ¢, (x) is called the Legendre expansion of degree n for f(x).

In this case,
2

27+ 1

Note that we can also find the weighted least squares approximation using the following weighted inner product

/ F(2)g(@)w(z)dz,

e.g., case of using Chebyshev polynomials.
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Matlab Code I_

NWhhhhhhh Legendre polynomial of degree n %h%h%hhh
function pn = Legen_poly(n);
pbb = [1]; if n==0, pn=pbb; break; end
pb = [1 0]; if n==1, pn=pb; break; end
for i=2:n;
pn = ( (2%i-1)*[pb,0] - (i-1)*[0, O, pbbl )/i;
pbb = pb; pb=pn;
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5 NUMERICAL INTEGRATION

5.1 NUMERICAL INTEGRATION

The definite integral

1= [ (o)

is defined in calculus as a limit of what are called Riemann sums.

Numerical integration for I(f) is to find an approximate finite sum:

I(f) ~ Zwifi
n=0

with appropriate weights w; and values f;.
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5.1.1 TRAPEZOIDAL RULE

Using the linear polynomial interpolation of f(x) at a and b,
(b—2)f(a) + ( — a)(})

b—a ’
we approximate I(f) by the following Trapezoidal rule:

quuﬂgyzw_ﬂ)Fﬁé;ﬂQI

If the size of interval [a, b] is big, then we use the following composite Trapezoidal rule: with an integer n > 1,

b_
h = a: $]:a+]*h, j:0717”'7n'
n

Pl(l‘) =

Then,

uﬂ:Kﬂ@migﬁmm+£?umm~+LZﬂmm

f (o) + f(a,)

KO ST = [ an) 4 o) oo Foa) + )| = 03 fan) + LT,
k=1
Error in Trapezoidal rule
2(p —
() = 100~ L) = D). e, e fa)]
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5.1.2 SIMPSON’S RULE

To improve on T,(f), use quadratic interpolation to approximate f(z) on [a,b]: with the middle point ¢ = (a + b)/2,
(z —c)(z—b) (z = b)(z —a) (z —a)(z — c)

G I LA Ry sy pn SAC s s R AL

Let h = (b —a)/2. Then

@b, b [Pa—ba—a), 4
/a (a—c)(a—b)dx_ii d /a a du = '

PQ(I) =

Now we have

h

1)~ ) =5 | F@) +45 (“57) + £0)]

If the size of interval [a, 0] is big, then we use the following composite Simpson’s rule: with an even integer n > 1,

h—
h = a’ zxj=a+j*xh, j=0,1,--- n.
n

Then,

](f):/abf(x)dm:/:f(x)dxjt/m?f(x)dx---++/::f(a:)dx.

1) ~ 5.0 = 5| e +4( o+ fan) oot £ ) +2( Faa) 426 @4+ naa) ) 4 )|

Error in Simpson’s rule

ht(b — a)

ES(f) = 1(f) = Su(f) = —Tf@)(cn), ¢, € la, bl.
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alatlab Code ] (Simpson’s Rule)

Q = quad(FUN,A,B) : Numerically evaluate integral, adaptive Simpson quadrature.

Q = quad(FUN,A,B,TOL) uses an absolute error tolerance of TOL instead of the default,
which is 1.e-6.
Example:

FUN can be specified three different ways.

A string expression involving a single variable:
Q = quad('1./(x.73-2%x-5)"',0,2);

An inline object:
F = inline('1./(x.73-2%x-5)"');
Q = quad(F,0,2);

A function handle:
Q = quad(@myfun,0,2);
where myfun.m is an M-file:
function y = myfun(x)
y = 1./(x.73-2%x-5);

Also, see quadl, dblquad
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5.1.3 GAUSSIAN NUMERICAL INTEGRATION

Let
1
105) = [ fa)da
-1
and consider the following integration formula, so-called the Gaussian Integration formula,
L(f) =) w;f(t;)
j=1
where the nodes {t1,ts,--- ,t,} and wights {wy,ws, - ,w,} are chosen that

I,(f)=1I(f) for all polynomials of degree 2n — 1.

|Case n = 1] : Exact for polynomials p(z) = 1 and f(x) = x of degree 2n — 1 = 1:

From

1 1
/ 1-de =w -1, / xrdx = wip(ty) = wy - 11,

1 1
we have
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|Case n = 2| : Exact for polynomials p(z) = 1, z, 2

From
1
| pla) - do = B(r) = wiplts) + waplts).
-1
we have
o —wy =1, ty = VB V3
1 — w2 =4, 1 — 37 2 — 3
For a general interval [a, b], let
xl-:a—i_b—l—b_ati and wi:b_a, 1=1,2,--- ,n.
2 2 2

we have

/ f(z) dx = I,(f) = b;aZwif(:vi).

, 23 of degree 2n — 1 = 3:
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alatlab Code ] (Gaussian Quadrature Rule)

Description:

Inputs:

Examples

y = gausquad(a,b,n,f);

= lower limit of integration
= upper limit of integration
= number of points (1 <= n <= 10)

H B o

The form of f is:
function y = f(x)

An inline object:

F = inline('1./(x.73-2*%x-5)"');
Q = gausquad(0,2,5,F);

A function handle:

Outputs:

Q = gausquad(0,2,5,myfun);
where myfun.m is an M-file:
function y = myfun(x)

y = 1./(x.73-2%x-5);

y = estimate of integral

Use the n-point Gauss-Legendre formula to numerically
integrate the function f(x) over the interval [a,b].

= string containing name of function to be integrated.
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5.1.4 IMPROPER INTEGRATION

For the following improper integration

[:f@ﬂx:lM1[jf@M%

X—00

we can use the composite Trapezoidal rule :

In Matlab,
% First set h and N that X = hx*N
x = -Nxh:h:Nxh; % node points
fx = £(x); % function values at nodes
In = h*x( sum(fx) - ( fx(1)+fx(2%N+1) )/2 );
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Consider an another improper integration

1 2
exp(—a7) ,
0o V1—2x2

We can use linear transformation such as

] pu—

b b-—
x::a; + 2aumh@
so that
b 00 00
dx b—a
I(f)= x)dr = r(2))—dz = r(2))———dz.
= [ s = [t = [ )t
In Matlab,
% First set h and N that X = hx*N
z = -N*h:h:Nx*h; % node points
xz = (a+b)/2 + (b-a)*tanh(z)./2;
gz = (b-a)/2*f(xz)./cosh(z)."2; % function values at nodes

In = hx( sum(gz) - ( gz(D)+gz(2xN+1) )/2 );
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6 INTRODUCTION TO FINITE DIFFERENCE METHODS

6.1 FDM FOrR 1D PROBLEMS

Let h = 1/N and set
ti = Zh, Iz = [ti—lati],

O=t)h<t1 <to<---<ty_1 <ty =1
Denote by the value of a function v¢; = 1(t;). Also denote by u; = u'(¢;) and u] = u"(t;).

Define a numerical derivative of u(z) with stepsize h:

t+h) —u(t)

; ~ ' (t).

Dyu(t) == u

From Taylor expansion,

"(t. (3) (¢ 4)(¢.
u (tl) h2 i u (tl) h3 T u (é.l)hél

u(ti + h) = u(tz) + Ul<ti)h +

2 3! 4!
" t; (3) t; (4) ’
s~ e
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or
sy - D) ), ), e,
L " 3) (4 ) (¢
iy~ M), O )
i (1) = u(t; + h)2—hu(ti —h) u 3;§ti)h2 N U(Z(!fz‘)hg
A (t) = u(t; —h) — 2uh(2ti) +u(ti—h) u<3;§ti)h2 Lu 4;5@)]13'
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Now, define the following finite differences:

1. The forward finite difference of the first order derivative:

u(t) = w +0(h)

2. The backward finite difference of the first order derivative:

/() = ===+ O(h)

3. The central finite difference of the first order derivative:

uﬁn:@ﬂiﬁi+om%

4. The central finite difference of the second order derivative:

i1 — 2u; + U
(1) = Lt ;+ul+om%

Here, one may easily check the error bounds using the Taylor series expansion with the sufficient smooth function wu.
Note that the discretization error bound is of the second order if we use the central finite difference formula and

one may use more points to get better error bounds.
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Consider the following 1-D problem, an initial value problem:

W +cu = f in (0,1),
u(0) = a,

Then we have the following approximation scheme using the backward finite difference:

With vy = q,
%_{—Czuzz.ﬂ) i:1727'”7N7

or

1 h
T = i— 19 -:1727'”7N'
“ <1+cih>u 1+(1+Cih>f !

(1D)
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Also let us consider the following 1-D problem, two-point boundary value problem:

{ -+ +cu = f in (0,1), (1D)

u(0) = «, u(l) = p.
Then we have the following approximation scheme using the central finite differences:
With wuwy=a and uy =272,

Wi — 2U; + Ui | Uil — Ui

B h2 + b 2h

Lvcui=f, i=12-- N-1

or

b; h .
2>ui+1:fih27 7’21727"'7]\7_1'

2

Then, we have the following tridiagonal system when b = ¢ = 0:

bi h
(-1— ) ui—1 + (¢ h* 4 2)u; + (—1+

~

Au=f,
where

[ 2 -1 0 0 - 0] [ ] [ A+a/h? ]

-1 2 -1 0 --- 0 U fo

1 0 -, . el e : .

A:diag(—l,Q,—l)::ﬁ* T 0 = U.S and f = ]ig

0 --- 0O -1 2 -1 UN_2 fn_o
I O -+ ... 0 —1 2_ | un-1 _fN—l-i-ﬁ/hQ_

Numerical Analysis (Lecture Note) Byeong-Chun SHIN, CNU



6.2 FDM for 2D Problems Introduction to Finite Difference Methods| 75

6.2 FDM FOR 2D PROBLEMS

Let U = (uﬂ) and F' = ( fﬂ) be matrices consisting of values of function v and f on the grid points (x;,y;) such as

Uil U221 - UN, f1,1 f2,1 Tt fN,l

Uy U2 -+ UN2 1,2 22 ¢ N,2
U= ’ ’ ’ and F = f.’ f" f_

uiN U2 N *** UNN f1,N f2,N s fN,N

To write a linear system in the standard form Ax = b, we need to order the unknown u;; in some way.

For U = (u;;) € R™", we define a vector
T n?
vecU = (ul,h UL, U1, V20, U d, 7un,n) eR

by stacking the columns of U on top of each other.
Note that

u;j =vecU ((i — 1)n + j).
We also need to define a Kronecker product.

For A € RP? and B € R"*, define the (right) Kronecker (tensor) product

CL171B CLLQB CLLqB

ar1B asoB -+ a9 ,.,B
C—Anp— | 2P o 24

ap1B a,2B -+ a,,B
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If the system has the following five points stencil

0

B3 0

ap ag+ By as |,

0

B 0

then, without touching the boundary, it can be written by

where fg = fi,j and ”&g = Ujj-
Let J; = diag(aq, as, a3) and Jy = diag(p1, 52, B3):

J1 = diag(aq, ao, ag) :=

o5
851
0

a3

a2

0

a3

0 ---
0 ---

Qo (O3

a1 Q2

Brig—1 + Pty + B3 tlipsr + a1 Up—n + oty + ag Upr y = fo

and Jy = diag(p1, Ba, B3) :=

B
A

B3 0 0 --- 0
Bo Pz 0 - O
S

0 Bi f2 B3

0 B B2
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Then the matrix is given by the block form

asl azl 0 0 0 o 0 0 0 --- 0
o1l asl a3l 0 0 0O J, 0 O 0
4 0 . e Tl e : N 0
0 TS ||
o --- 0 ol asl a3l 0 --- O 0 Jy 0
0 0 arl apl | | 0 - - 0 0 Jy

Furthermore, the matrix A is also given by the Kronecker Products:

A:J1®]‘|—[®J2.

In Matlab
>> J1 alpl*diag(ones(N-1,1),-1) + alp2*diag(ones(N,1)) + alp3*diag(ones(N-1,1),1);
>> J2 = betl*diag(ones(N-1,1),-1) + bet2*diag(ones(N,1)) + bet3*diag(ones(N-1,1),1);
>> A = kron(Jl,eye(N)) + kron(eye(N),J2);
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6.2.1 FDM FOR POISSON EQUATION

Consider the following Poisson equations:

_A'U, = f in Q = (ﬂfa,xb) X (ya;yb)a
u = 0 on 89

With h = £-2¢ and k = £ we have the following approximation scheme by FDM:

N+1 N+17
Ui1j — 2Uij + Uirj  Wigo1 — 2Uij +Uij
- h2 - k2 - fZ,]?
fori,j=1,2,---,N.
The five points stencil is given by
_ | _
0 —— 0
2
1 2 k 2 1
2R w
1
Y e Y
Let J be a tridiagonal matrix:
2 -1 0 0 0]
—1 2 -1 0 0
, 0
J = diag(—1,2,—1) :=
0
0o .- 0O -1 2 -1
| 0 e 0 -1 2
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and let J, = (5%) J and J, = (%) J. Then we have the following matrix equation

UlJ,+ J,U =F.

From this equation, we have the following standard matrix form of Poisson Problem:

A x vecU = veckF

where
A= T, @1 +1®J,
In Matlab
>> h = (xb-xa)/(N+1); k = (yb-ya)/(N+1);
>> x = xath:h:xb-h; y = yatk:k:yb-k;
>> [x,y] = meshgrid(x,y); J» matrices

>> f = ft_f(x,y); £ = f();

>> alpl = -1/h72; alp2 = 2/h72; alp3 = -1/h"2;
>> betl -1/k™2; bet2 = 2/k™2; bet3 = -1/k"2;

>> Jx = alplxdiag(ones(N-1,1),-1) + alp2*diag(ones(N,1)) + alp3*diag(ones(N-1,1),1);
>> Jy = betl*diag(ones(N-1,1),-1) + bet2*diag(ones(N,1)) + bet3*diag(ones(N-1,1),1);

>> A = kron(Jx,eye(N)) + kron(eye(N),Jy);
>> uh = A\f;

>> Uh = reshape(uh, N, N);
>> mesh(x, y, Uh)

Numerical Analysis (Lecture Note)
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6.2.2 FDM FOR ELLIPTIC EQUATION

Consider the following 2D elliptic problem:

—Au+b-Vut+cu = f inQ=(0,1) (2D)
u = 0 on 0,

where b = (b1, b%)! and ¢ are constant functions.
With h =k =1/(N + 1), we have the following approximate scheme:

Ui-1j = 2Uij + Uig1j  Wig-1 — 2Uij + Uiji1

B2 L2
+ blqu’jQ_hui_l’j + bzui’jﬂ2_];%"7—1 +cuij = fij,
and then we have the following five points stencil
[ 1 b |
0 1z + o 0
1 b! 2 N 2 N 1 n b
ok REUR ¢ 2" 2h
0 — = — 0
_ k2 2k i
Let A=J,®1+1®J,, where
, 1 b2 1 bt _ 1 ¥ 2 1 v
Jx:dlag(—ﬁ—ﬁ,ﬁ+c, _ﬁ—i_%) and Jy:dlag(——

PTw R
Then we have the matrix equation

UJ,+J,U=F or AxvecU = veck.
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You can also use the following tridiagonal matrices: with A =J,® [ + 1 ® J,, where

, 1 b 2 2 1! _ 1 v 1 v
Jg::(hag(——zg-—-§ﬁ, %§-+-%§—%c, —-z§-+-§ﬁ) and J@zz(hag(——zz-—-ig, 0, —-z§-+-§E).
In Matlab
>> N = input('The number of points used in each axis : N = ');
>> h = 1/(N+1);
>> x = h:h:Nxh; y = X;
>> [x,y] = meshgrid(x,y); % matrices

>> f = ft_f(x,y); £ =£();

>> alpl = -1/h"2-b1/(2%h); alp2 = 2/h"2+c; alp3 = -1/h"2+b1/(2%h);

>> betl = -1/h72-b2/(2%h); bet2 = 2/h72; bet3 = -1/h"2+b2/(2xh);

>> Jx = alpl*diag(ones(N-1,1),-1) + alp2*diag(ones(N,1)) + alp3*diag(ones(N-1,1),1);
>> Jy = betlxdiag(ones(N-1,1),-1) + bet2+diag(ones(N,1)) + bet3*diag(ones(N-1,1),1);

>> A = kron(Jx,eye(N)) + kron(eye(N),Jy);
>> uh = A\f;

>> Uh = reshape(uh, N, N);
>> mesh(x, y, Uh)

You need to define the data function 'ft f'.
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Matab Code ] (FDM for Elliptic Problem 1)

% Filename fdm_ellip.m
% — Lapace(u) + bl*u x + b2*xu_y + cxu = f in 0 = (0,1)72
T u =0 on boundary

function fdm ellip(k,bl,b2,c)

if k>9, disp('Too big k !'); return; end
if nargin==1, c=0; bl=0; b2=0;

elseif nargin==2, b2=bl; c=0;

elseif nargin==3, c=0;

end

N=2"%; h=1/(N+1);

X = h:h:N*h; y = x; % [h 2h 3h ... Nh]
[x,y] = meshgrid(x,y); % X, y are matrices.

%» Right hand side ( Source term )
F =ft f(x,y,bl,b2,c); % matrix
F=F(); % column vector

% Coefficient matrix

alpl = -1/h"2-b1/(2%h); alp3 = -1/h"2+b1/(2%h);
betl = -1/h"2-b2/(2xh); bet3 = -1/h"2+b2/(2+*h);
alp2 = 4/h™2+c;
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Jx = sparse(N,N); Jy = Jx; A = sparse(N"2,N72);

Jx = alpl*diag(ones(N-1,1),-1) + alp2*diag(ones(N,1)) + alp3*diag(ones(N-1,1),1);
Jy = betl*diag(ones(N-1,1),-1) + bet3*diag(ones(N-1,1),1);

A = kron(Jx, speye(N)) + kron(speye(N), Jy);

% Approximate solution

uh = A\F; % vector

% Exact solution

u = ft u(x,y); % matrix

% vector -> matrix for mesh

uh = reshape(uh,N,N); % matrix

% Error
e = u-uh; err = h*norm(e(:));
fprintf('--- Elliptic problem with b = (%g,%g), ¢ = % ——— \n',bl,b2,c);

fprintf ('N = g 12-error = %12.4e \n',6N,err);

subplot(131); meshc(x,y,u); title('Exact solution')
subplot(132); meshc(x,y,uh); title('Approximate solution')
subplot (133); meshc(x,y,e); title('Error plot')

Voo oo To oo Jo oo oo Jo o To o To Jo o To o To Jo o o o
function u = ft_u(x,y)
u = (x.72-x).*sin(pixy); % (y.72-y);

function f = ft_f(x,y,bl,b2,c)

f = -2xsin(pi*y) + pi~2%(x.72-x).*sin(pixy);
f =f + blx(2%x-1) .*xsin(pi*y) + pi*b2*(x.72-x).*cos(pix*y);
f=f + cxft_ulx,y);
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Qpn

ai,2
a2
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Ax = b,

7.1 7} AAY (GAuss ELIMINATION)
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¢}
750

‘o
Rl

sl

Ux=b.
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A% AP 8

7.2 7F2 &AW (Gauss Elimination) : 2] 8 "9 (Direct method)

R
ftjo
4>
i)

=

At Y (back substitution) o] m], x= olgle] AP oz
“ L H—=

n — 6TL/ELn,n)
Tn—1 ::(bn—l'_“un—lﬂzxn)/lhr—Ln—l

Lp—9 = (Bn—Q —Up—2n—1Tp—1 — Up—2n xn)/un—27n—2

Tn—k = bn—k: - § Up—F,j Tj /un—kz,n—k’
j=n—k+1

In Matlab, [L,U] = lu(A)

LU ?_%‘——E—'H : A:LU,

St A goln tAlas BE Lot Ut 4% 4agel
b (CholeskY) A& [: A-1LL!
£ 4R 47ggel A

Lo S8 Az dol] tAdas B go] opry, L

%O]HOLHHE] a2 3z o] = o
ol E =7] s Y H i ARE
Ax=b = LUx=b = Find y satisfying Ly =b = Find x satisfying U x =

o A

- -

9] 3l (Number of operations)
3

- n -
Balo] 3% o Lol 251 Ao

H92 AW LU A%
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7.2 WRERP (Tteration Method) 418 A2]upE 2l 86
7.2 HEERPH (ITERATION METHOD)
Ax =b & £7] A g dnbAQl Wk gy
Aol £8: A=N-P,
ol wl, N < W3 ol staL, H| 5] Fholn E7] 45 HY
Ax=b = Nx=b+Px
2713 xO A=
grE A . NxtD =b+ Px® k=0,1,2,
Aol WhEs A A HeE. 5, 95k a7 e AN HE
2 A4

N (x — xtFHD) = P (x — x(*)

e(kH)) = N1 Pe(k)), ) = x —xh) = LA @ X}
FY w2 NP < 12 BEshu ofee} 2ol £HF

le®[ = [[N=EP|* [le®]
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7.2 HFERR (Tteration Method)

of5x1 1] " (Jacobi method)
N2 A tizsid, P=N—-A

In Matlab
N = diag(diag(A)); P =N - A;
x = zeros(size(b));
for k=1:M
x =N\ (b + Px*x)

end

7Hf-2x-Abe)dl B (Gauss-Seidel method)
NE Ae) SR LAY, P = N A

>N = tril(A); P =N - A;
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SRS BN
8.1 DISCRETE LEAST SQUARES APPROXIMATION (FITTING CURVE)

We want to seek a special function g(z) fitting data {(z;, )},

Let B = span(qﬁl(x), ¢2($)7 Tt 7¢n(x))
Can you find a function g(z) = a1¢1(x) + aepe(z) + - - - + an¢n(r) € B which satisfies g(z;) = v; (1 =1,2,--- ,m)?

g(xl) - a1¢1($i) + -+ an¢n(xz) = i, or Aa =Y

where
[D1(1)  da(w1) oo Pulan)] 1|
ai
A ¢1(.$2) ¢2(.$2) an(.@) Ca=|:|., v= C'J.2
: : . : a, :
_¢1($m) ¢2(xm) e ¢n($m)_ | Ym |
If m > n, then one may not find such a function g(z) € B in general.
However, one may find a function g(x) € B which minimizes
F(g) == Z g(xi) — yi’2'
i=1
Then, F'(g) can be considered as a function in the variables ay, as, - - , a,. i.e.,

m 2

Flar - a) = F(g) = Y lges) —uP =3

1=1

Z ardr (i) — yi

k=1

Numerical Analysis (Lecture Note) Byeong-Chun SHIN, CNU



9.0 Discrete Least Squares Approximation (Fitting curve) E'ﬁ'{}' ',ZE_I*X'” 89

F
Fromﬁ—zoforjzlﬂ,--- N,

(9aj

Z (Z arPr(;) — yz) ¢;(x;) = 0,

or

D (Z ¢k(%)¢j($i)> = Z oj(@i)yi,  Vi=1--n.

k=1 i=1
Now, we have the following equation, so-called the normal equation, for the system Aa =Y :

AlAa = A'Y.

The solution a = (A'A)~}(A'Y) to the above normal equation is called the least-squares solution for the system
Aa =Y, and the function g(z) is called the fitting function in the space B for the data {(x;,y;)}7;.

Example. Find the fitting function given by
g(x) = aysin(mx) 4+ as cos(wx) + agmx  for the data (1/6,1), (1/4,0), (1/2,—1), (3/4,0).

Matlab Code I .

x = [1/6, 1/4, 1/2, 3/4]"'; y = [1, 0, -1, 0]"';
A = [ sin(pi*x) cos(pi*x) pi*x ];
u = A\Y; %h uw = inv(ATt*A)*x (A"t*y)

xx = linspace(1/6,3/4,100);

gxx = u(l)*sin(pi*xx)+u(2)*cos(pi*xx)+u(3)*pi*xx;
plot(x,y,'o',xx,gxx);
===
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Al

APz Ao tisto], vkl o] opdl el v £ 0] fstol
Av = v

7} ARSHE o] = A E A2 18- (eigenvalue) o] 2} S},
a8a Gy vE I g 259 E (eigenvector) 2} ST}

Mo

9 A

BE A7k GGl W BE TR Nt A57 H3, DHAE v, B DU AAE A23Y U7 9o

U'AU = D = diag( Ny ), UU'=1.

1,2,---,n) 2}l 3tal 1 si9 A EHE 2427 v 2kal AL
BHE AEoZ t}23) o dxp 4o 7 AT

n

X = chvk, (cr € R).

k=1

Ax = zn:)\k Cr V.

k=1

Matlab Code I _

A= [ -7 13 -16; 13 -10 13; -16 13 -7 1;
[U,D] = eig(h);
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]

A
al

ALY

oFeh s} 2.

10 8|43 AFGAH AT NEWTON METHOD

XK

Y

Mr

0
0

f(z,y)
9(x,y)

F(ZL‘,y) = {

0
K
o
KR
@-O

‘mﬂ
T

jans

)
XK

ol

ol
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g(x",y") + (x — 2")g. (2", y") + (y — y")g, (2", y")

z=plz,y) = fa"y") + (@ —2") fu(a",y") + (y — y") fy (2", y")

= Q(xa y)
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]

A
al

ALY

Py + @ =) e ) + (0 =y ) =0
g(xn7 yn) + (xn—kl . xn)gx(xn7 yn) + (yn—i-l . yn)gy(xn’ yn) =0

Xn—i—l — x" — [F/(Xn)]—l F(Xn)

o 71 A

fe(x" y") fy(x", y")

(Jacobian matrix) 2}

=
F'(x) = (0, fi(x) ) 2 521 Xt

3

£ F(x)9] ofa

o] 7)1 A F'(x)
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11 INITIAL VALUE PROBLEM

11.1 GENERAL SOLVABILITY THEORY

In this section we study the numerical solution for the following initial value problem :
Yi(t) = f(£,Y (), t=tg

L P

Theorem 11.1. If f(t,z) and Of(t, z)/0z be continuous functions of t and z at all points (t, z) in some neighborhood

of the initial point (to,Yy). Then there is a unique function Y (t) defined on some interval [ty—a, to+al, satisfying

{ Y'(t) = f(L,Y (1), to—a<t<ty+a
Y (to) = Yo.

Note.
1. The number «a depends on the initial value problem(IVP).

2. For some equations, e.g., f(t,z) = Az + b(t) where b(t) is continuous, solutions exist for any ¢, i.e., we can take

a to be oo.

3. For many nonlinear equations, solutions can exist only in bounded intervals.
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11.2 STABILITY

We will generally assume that the solution Y'(¢) is being sought on a given finite interval to <t < T.
When small changes in the initial value Y{ leads to small changes in the solution Y(¢), the IVP is said to be stable.

That is, for the solution Y, (t) of the perturbed problem
VI(t) = f(t,Ye(t)), to<t<T, Yito)=Yo+e,

3

we have

max |Y:(t) =Y (t)| < ce, some c¢> 0.
aﬁogﬁST

Example (Stable).

Yt)=-Y(@t)+1, 0<t<b, Y(0)=1, Solution : Y (t) =1,

YI(t)==Y.(t)+1, 0<t<b, Y.(0)=1+c¢, Solution : Y.(t) =1+ ee .

Example (Ill-conditioned when Ab > 0 is large.).

Y'(t) =AY (t)—1], 0<t<b, Y(0)=1, Solution : Y (t) =1,
Y/(t) = A[Y:(t) —1], 0<t<b, Y.(0)=1+¢,  Solution: Y.(t) =14 eeM.

= max IY.(t) = Y (t)| = |e| e, the change in Y(¢) is quite significant at t = b.
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11.3 DIRECTION FIELDS

Direction fields are a useful tool to understand the behavior of solutions of a differential equation.

In the graph of a solution of y' = f(x,y), the slope is f(z,y) regardless of the initial value.

Example. General solution is y = ce” for the D.E. ¢/ = y.

Example. General solution is y = ¢/(1 — x?) for the D.E. ¢ = 2zy*.

[x,y] = meshgrid(-2:0.5:2, -2:0.5:2);

dx = ones(9); Y% one matrix

dy = y; quiver(x,y,dx,dy);

hold on

x = -2:0.01:1;

yl = exp(x); y2 = -exp(x);

plot(x,yl,'r',x,y2,'m")

VA7 NS
e

, ~

[x,y] = meshgrid(-1:0.2:1, 1:0.5:4);
dx

ones(7,11); Y% one matrix

dy = 2*x.*y."2; quiver(x,y,dx,dy);

hold on
x = -0.87:0.01:0.87;
y = 1./(1-x.72);
plot(x,y,'r")
ne | - ! f T ?\‘ /ﬁ
bpv i
T ot
3F | 1 ? ﬂ
Vb |
250 \ &\\ Lo Pt /‘f i
ok \ \\ Vo e /‘/’J‘r f
\\ ,/
7 \\\\ ) 7 ;/ / /;1/(1#2)
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11.4 EULER’'S METHOD

The simplest, but not efficient numerical method.

The approximate solution will be denoted by (t) and denote by v, = y(t,).

Note that the derivative approximation :

vy = Yt h})L 240]

Take the nodes as

tnzto—l—n*h, n:O,1,2,---,N, with hZ(T—t())/N

Applying the derivative approximation to the IVP :
Y'(t,) = f(tn, Y (t,)) at t=t,,

we have
Y(tn+1)h— Y (tn) ~ f(tn, Y ().

Euler’s method is defined as, with yy = Y

yn—l—lzyn"’_hf(tmyn)a n:071727"'>N_1'

Y(t)+t*—2
t+1
whose true solution is Y (t) = t* 4+ 2t +2 —2(t + 1) log(t + 1).

Example. Solve Y'(t) = Y(0)=2

)

Y(t)

Tangent line

Yt )

n+1

Y, =Y() +hi Y(t )

tn+1 t

Numerical Analysis (Lecture Note)
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11.5 TAYLOR METHODS

Euler’s method uses a linear Taylor polynomial approximation :
Y(two1) =Y (t,) +hY'(t,) =Y (t,) +h f(t,, Y (t,)).

Note that the following Chain rule : with 2/(t) = f(¢, 2(t))

Z(t) = W = g—{(t,z(t)) + %(t,z(t)) 2(t) = fi(t, z(t) + f-(t, 2(2)) f(¢,2(¢)).

Using a quadratic Taylor polynomial approximation :
h2
Y(tns1) = Y(t,) +hY'(t,) + EY”(tn),
we have the second order Taylor approximation :
h2
Y (tpe1) =Y (t,) +h f(t,,Y(t)) + 5 fi(t0, Y (8)) + (60, Y (8)) f (60, Y ()] -

The second-order(p = 2) Taylor method for IVP is given by
2

h
Yni1 = Yn + I f(tn, yn) + ) [fz‘ (tna yn) + /- (tna yn) f(tna yn)} , Error: [Y(t,) —y(t,)] = O(hp—H)'

Example. Solve
Y'(t) = =Y (t) +2cost, Y(0)=1 whose true solution is Y (¢) = sint + cost.

Since Y"(t) = —=Y'(t) — 2sint = Y (t) — 2cost — 2sint,

h2
Taylor Scheme : ¥y, 11 = yn + h[—y, + 2cost,| + 5 [y — 2cost, —2sint,], n>0.
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11.6 RUNGE-KUTTA METHODS

The Taylor method needs to calculate the higher-order derivatives.
The Runge-Kutta methods evaluate f(t,z) at more points,

while attempting to equal the accuracy of the Taylor approximation.
RK methods are among the most popular methods for solving IVP.
The Runge-Kutta methods of order 2 : RK2

The general form
Yn+1 :yn+hF(tnayn7h)7 TLZO, ZUO:YO

where F'(t,,y,; h) can be thought of as some kind of "average slope” of the solution on the interval [t,, ¢, 1].
Choose

F(t,y;h) =y f(t,y) + 7 f(t+ ah,y + Bhf(ty)).
Determine the constants a, 3,71, ¥2 so that the following truncation error will be O(h?),

just as with the Taylor method of order 2 :
T =Y (tnr) = [Y () + h F(tn, Y (L) h))-
Note that the first-order Taylor expansion for two-variable function f (t, y) ,
flt+Ay+B)=f(t,y) +Afilt,y) + B f.(t,y) + O(A* + B?).
Hence, we have
ft+ahy+ Bhf(t,y) = f(t,y) + ah fi(t,y) + Bh f(t,y) fty) + OR).
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11.6 Runge-Kutta Methods

Using Y = f; + [, f yields
h2
Y(t+h) =Y +hY + EY” + O(h*)

_Y+hf+ (ft+fzf)+0(h3).

Then
Y(t+h)-— [Y(t) + hF(t Y (t); h)}

[Y+hf+ (ft+fzf)] — [Y4+hyuf+hyft+ahY +Bhf(tY))] +OR%

[Y+hf+ (ft+fzf)] —[Y+hnf+hy(f+ahfi+Bhf.f)]+O00)

2
= (1= =) S+ (L= 2090+ (1 2890) . 1] + O().

So the coefficients must satisfy the system
1—2av =0, 1—-28v%=0.

1 - T — 72 = 07
Therefore, T
Runge-Kutta Method of order 2
NF0, n=l-m a=F=_—.
2’72 ————————————————————————————————————
1 3 — :
The three favorite choices are v, = 3 1 1. vi=f£(t), y@ J;
With v, = 1/2, we have the following RK2 method : v2 = £( t(n)+h, y(n)+hivl );
h (n+1) =y(@) + (/2)*x( vl +v2);
Yn+1 = Yn + 9 [f(tna yn) + f(tn + hyyn + hf(tna yn))] y Y
Byeong-Chun SHIN, CNU
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The Runge-Kutta methods of order 4 : RK4

The truncation error in this method is O(h°) :

U1 = f(tnayn)
h h

Vg = f (tn + §,yn + 51}1)
h h

V3 = f (tn + §,yn + 51}2)

U4:f(tn+hayn :hUS)

h
Un+1 = Yn + E[Ul + 20y + 203 + vy].

Example. Using RK2 and RK4 with A = 0.1 and 0.05, solve

1 1 20
Y'(t) = ZY(t) (1 — %Y(t)) 0<t<20, Y(0)=1 whose true solution is Y (t) = Ty
h t(n) Y(n) y(n) 1Y (n)-y(n) |
0.1 2.0
4.0

Numerical Analysis (Lecture Note) Byeong-Chun SHIN, CNU
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11.7 THE 2ND-ORDER INITIAL VALUE PROBLEM

Consider
y'(t) +a)y' () = f(ty(t), t=t
y(to) = a,  y(to) =P

(IVP) {

Convert to an equivalent system of 1st-order IVP

Set  yi(t) =y(t), u2(t) =9 (1)

Vi=£f(t(n), Y(n) ); V2=£f(t(n)+h, Y(n)+h*V1l );
Y(n+1) = Y(n) + (h/2)*x( V1 + V2 );

Example. Using RK2 and RK4 with A~ = 0.1 and 0.05, solve

10 1
y'(t) + 11y (¢) + 10y(t) = 10, y(0) =0, ¥’ (0) =0 whose true solution is y(t) =1 — n e+ 9 e 0,

Numerical Analysis (Lecture Note) Byeong-Chun SHIN, CNU
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