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Initial Value Problem| 3

1 INITIAL VALUE PROBLEM

1.1 GENERAL SOLVABILITY THEORY

In this section we study the numerical solution for the following initial value problem :
Yi(t) = f(£,Y (), t=tg

L P

Theorem 1.1. If f(t,2) and Of(t,z)/0z be continuous functions of t and z at all points (t, z) in some neighborhood

of the initial point (to,Yy). Then there is a unique function Y (t) defined on some interval [ty—a, to+al, satisfying

{ Y'(t) = f(L,Y (1), to—a<t<ty+a
Y (to) = Yo.

Note.
1. The number «a depends on the initial value problem(IVP).

2. For some equations, e.g., f(t,z) = Az + b(t) where b(t) is continuous, solutions exist for any ¢, i.e., we can take

a to be oo.

3. For many nonlinear equations, solutions can exist only in bounded intervals.
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1.3 Stability Initial Value Problem| 4

1.2 STABILITY

We will generally assume that the solution Y'(¢) is being sought on a given finite interval to <t < T.
When small changes in the initial value Y{ leads to small changes in the solution Y(¢), the IVP is said to be stable.

That is, for the solution Y, (t) of the perturbed problem
VI(t) = f(t,Ye(t)), to<t<T, Yito)=Yo+e,

3

we have

max |Y:(t) =Y (t)| < ce, some c¢> 0.
aﬁogﬁST

Example (Stable).

Yt)=-Y(@t)+1, 0<t<b, Y(0)=1, Solution : Y (t) =1,

YI(t)==Y.(t)+1, 0<t<b, Y.(0)=1+c¢, Solution : Y.(t) =1+ ee .

Example (Ill-conditioned when Ab > 0 is large.).

Y'(t) =AY (t)—1], 0<t<b, Y(0)=1, Solution : Y (t) =1,
Y/(t) = A[Y:(t) —1], 0<t<b, Y.(0)=1+¢,  Solution: Y.(t) =14 eeM.

= max IY.(t) = Y (t)| = |e| e, the change in Y(¢) is quite significant at t = b.
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1.4 Direction Fields
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1.3 DIRECTION FIELDS

Direction fields are a useful tool to understand the behavior of solutions of a differential equation.

In the graph of a solution of y' = f(x,y), the slope is f(z,y) regardless of the initial value.

Example. General solution is y = ce” for the D.E. ¢/ = y.

Example. General solution is y = ¢/(1 — x?) for the D.E. ¢ = 2zy*.

[x,y] = meshgrid(-2:0.5:2, -2:0.5:2);

dx = ones(9); Y% one matrix

dy = y; quiver(x,y,dx,dy);

hold on

x = -2:0.01:1;

yl = exp(x); y2 = -exp(x);

plot(x,yl,'r',x,y2,'m")
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[x,y] = meshgrid(-1:0.2:1, 1:0.5:4);
dx

ones(7,11); Y% one matrix

dy = 2*x.*y."2; quiver(x,y,dx,dy);

hold on
x = -0.87:0.01:0.87;
y = 1./(1-x.72);
plot(x,y,'r")
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1.5 FEuler’s Method
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1.4 EULER’S METHOD

The simplest, but not efficient numerical method.

The approximate solution will be denoted by (t) and denote by v, = y(t,).

Note that the derivative approximation :

vy = Yt hf)L 240]

Take the nodes as

tnzto—l—n*h, n=0,1,2,---,N, with hZ(T—t())/N

Applying the derivative approximation to the IVP :
Y'(t,) = f(tn, Y (t,)) at t=t,,

we have
Y(tn+1)h— Y (tn) ~ f(tn, Y ().

Euler’s method is defined as, with yy = Y

yn—l—lzyn"’_hf(tmyn)a n:071727"'>N_1'

Y(t)+t*—2
t+1
whose true solution is Y (t) = t* 4+ 2t +2 —2(t + 1) log(t + 1).

Example. Solve Y'(t) = Y(0)=2

)

Y(t)

Tangent line

Yt )

n+1

YY) +hiE Y(t)

tn+1 t
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1.5 Taylor Methods Initial Value Problem| 7

1.5 TAYLOR METHODS

Euler’s method uses a linear Taylor polynomial approximation :
Y(two1) =Y (t,) +hY'(t,) =Y (t,) +h f(t,, Y (t,)).

Note that the following Chain rule : with 2/(t) = f(¢, 2(t))

Z(t) = W = g—{(t,z(t)) + %(t,z(t)) 2(t) = fi(t, z(t) + f-(t, 2(2)) f(¢,2(¢)).

Using a quadratic Taylor polynomial approximation :
h2
Y(tns1) = Y(t,) +hY'(t,) + EY”(tn),
we have the second order Taylor approximation :
h2
Y (tpe1) =Y (t,) +h f(t,,Y(t)) + 5 fi(t0, Y (8)) + (60, Y (8)) f (60, Y ()] -

The second-order(p = 2) Taylor method for IVP is given by
2

h
Yni1 = Yn + I f(tn, yn) + ) [fz‘ (tna yn) + /- (tna yn) f(tna yn)} , Error: [Y(t,) —y(t,)] = O(hp—H)'

Example. Solve
Y'(t) = =Y (t) +2cost, Y(0)=1 whose true solution is Y (¢) = sint + cost.

Since Y"(t) = —=Y'(t) — 2sint = Y (t) — 2cost — 2sint,

h2
Taylor Scheme : ¥y, 11 = yn + h[—y, + 2cost,| + 5 [y — 2cost, —2sint,], n>0.
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1.6 Runge-Kutta Methods Initial Value Problem| 8

1.6 RUNGE-KuTTA METHODS

The Taylor method needs to calculate the higher-order derivatives.
The Runge-Kutta methods evaluate f(t,z) at more points,

while attempting to equal the accuracy of the Taylor approximation.
RK methods are among the most popular methods for solving IVP.
The Runge-Kutta methods of order 2 : RK2

The general form
Yn+1 :yn+hF(tnayn7h)7 TLZO, ZUO:YO

where F'(t,,y,; h) can be thought of as some kind of "average slope” of the solution on the interval [t,, ¢, 1].
Choose

F(t,y;h) =y f(t,y) + 7 f(t+ ah,y + Bhf(ty)).
Determine the constants a, 3,71, ¥2 so that the following truncation error will be O(h?),

just as with the Taylor method of order 2 :
T =Y (tnr) = [Y () + h F(tn, Y (L) h))-
Note that the first-order Taylor expansion for two-variable function f (t, y) ,
flt+Ay+B)=f(t,y) +Afilt,y) + B f.(t,y) + O(A* + B?).
Hence, we have
ft+ahy+ Bhf(t,y) = f(t,y) + ah fi(t,y) + Bh f(t,y) fty) + OR).
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1.6 Runge-Kutta Methods

Using Y = f; + [, f yields
h2
Y(t+h) =Y +hY + EY” + O(h*)

_Y+hf+ (ft+fzf)+0(h3).

Then
Y(t+h)-— [Y(t) + hF(t Y (t); h)}

[Y+hf+ (ft+fzf)] — [Y4+hyuf+hyft+ahY +Bhf(tY))] +OR%

[Y+hf+ (ft+fzf)] —[Y+hnf+hy(f+ahfi+Bhf.f)]+O00)

2
= (1= =) S+ (L= 2090+ (1 2890) . 1] + O().

So the coefficients must satisfy the system
1—2av =0, 1—-28v%=0.

1 - T — 72 = 07
Therefore, T
Runge-Kutta Method of order 2
NF0, n=l-m a=F=_—.
2’72 ————————————————————————————————————
1 3 — :
The three favorite choices are v, = 3 1 1. vi=f£(t), y@ J;
With v, = 1/2, we have the following RK2 method : v2 = £( t(n)+h, y(n)+hivl );
h (n+1) =y(@) + (/2)*x( vl +v2);
Yn+1 = Yn + 9 [f(tna yn) + f(tn + hyyn + hf(tna yn))] y Y
Byeong-Chun SHIN, CNU
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1.6 Runge-Kutta Methods Initial Value Problem| 10

The Runge-Kutta methods of order 4 : RK4

The truncation error in this method is O(h°) :

U1 = f(tnayn)
h h

Vg = f (tn + §,yn + 51}1)
h h

V3 = f (tn + §,yn + 51}2)

U4:f(tn+hayn :hUS)

h
Un+1 = Yn + E[Ul + 20y + 203 + vy].

Example. Using RK2 and RK4 with A = 0.1 and 0.05, solve

1 1 20
Y'(t) = ZY(t) (1 — %Y(t)) 0<t<20, Y(0)=1 whose true solution is Y (t) = Ty
h t(n) Y(n) y(n) 1Y (n)-y(n) |
0.1 2.0
4.0
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1.7 THE 2ND-ORDER INITIAL VALUE PROBLEM

Consider
y'(t) +a)y' () = f(ty(t), t=t
y(to) = a,  y(to) =P

(IVP) {

Convert to an equivalent system of 1st-order IVP

Set  yi(t) =y(t), u2(t) =9 (1)

Vi=£f(t(n), Y(n) ); V2=£f(t(n)+h, Y(n)+h*V1l );
Y(n+1) =Y() + (b/2)*( V1 + V2 );

Example. Using RK2 and RK4 with A~ = 0.1 and 0.05, solve

10 1
y'(t) + 11y (¢) + 10y(t) = 10, y(0) =0, ¥’ (0) =0 whose true solution is y(t) =1 — n e+ 9 e 0,

Numerical Analysis 2 (Lecture Note) Byeong-Chun SHIN, CNU
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2 INTRODUCTION TO FINITE DIFFERENCE METHODS

2.1 FDM FOr 1D PROBLEMS

Let h =1/N and set
ti=1ih, I =[ti_1,t],
O=ti<t1<tra<---<ty_1 <ty =1.

Denote by the value of a function 1; = 1 (t;). Also denote by u; = u/(¢;) and u = u"(t;).

Define a numerical derivative of u(x) with stepsize h:

u(t+h) —u(t)

Dyut) = "= oy
From Taylor expansion,
" t; (3) t; (4) ’
" t; (3)-752. (4). .
u(t; — h) = u(t;) —u(t:)h + #}ﬂ _u 35 )y Y 4§£ )4

Numerical Analysis 2 (Lecture Note) Byeong-Chun SHIN, CNU



2.1 FDM for 1D Problems

Introduction to Finite Difference Methods| 13

or
sy - D) ), ), e,
L " 3) (4 ) (¢
iy~ M), O )
i (1) = u(t; + h)2—hu(ti —h) u 3;§ti)h2 N U(Z(!fz‘)hg
A (t) = u(t; —h) — 2uh(2ti) +u(ti—h) u<3;§ti)h2 Lu 4;5@)]13'

Numerical Analysis 2 (Lecture Note)
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2.1 FDM for 1D Problems Introduction to Finite Difference Methods| 14

Now, define the following finite differences:

1. The forward finite difference of the first order derivative:

u(t) = w +0(h)

2. The backward finite difference of the first order derivative:

/() = ===+ O(h)

3. The central finite difference of the first order derivative:

uﬁn:@ﬂiﬁi+om%

4. The central finite difference of the second order derivative:

i1 — 2u; + U
(1) = Lt ;+ul+om%

Here, one may easily check the error bounds using the Taylor series expansion with the sufficient smooth function wu.
Note that the discretization error bound is of the second order if we use the central finite difference formula and

one may use more points to get better error bounds.

Numerical Analysis 2 (Lecture Note) Byeong-Chun SHIN, CNU



2.1 FDM for 1D Problems Introduction to Finite Difference Methods| 15

Consider the following 1-D problem, an initial value problem:

W +cu = f in (0,1),
u(0) = a,

Then we have the following approximation scheme using the backward finite difference:

With vy = q,
%_{—Czuzz.ﬂ) i:1727'”7N7

or

1 h
T = i— 19 -:1727'”7N'
“ <1+cih>u 1+(1+Cih>f !

(1D)

Numerical Analysis 2 (Lecture Note)
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2.1 FDM for 1D Problems Introduction to Finite Difference Methods| 16

Also let us consider the following 1-D problem, two-point boundary value problem:

{ -+ +cu = f in (0,1), (1D)

u(0) = «, u(l) = B.
Then we have the following approximation scheme using the central finite differences:
With wuwy=a and uy =272,

Wi — 2U; + Ui | Uil — Ui

B h2 + b 2h

Lbcui=f, i=1,2,---,N—1

or

b; h .
2>ui+1:fih27 7’21727"'7]\7_1'

2

Then, we have the following tridiagonal system when b = ¢ = 0:

bi h
(-1— ) ui—1 + (¢ h* 4 2)u; + (—1+

~

Au=f,
where

[ 2 -1 0 0 - 0] [ ] [ A+a/h? ]

-1 2 -1 0 --- 0 U fo

1 0 -, . el e : .

A:diag(—l,Q,—l)::ﬁ* T 0 = U'S and f = {3

0 --- 0O -1 2 -1 UN_2 fn_o
I O -+ ... 0 —1 2_ | un-1 _fN—1+5/h2_

Numerical Analysis 2 (Lecture Note) Byeong-Chun SHIN, CNU



2.2 FDM for 2D Problems Introduction to Finite Difference Methods| 17

2.2 FDM FORrR 2D PROBLEMS

Let U = (uﬂ) and F' = ( fﬂ) be matrices consisting of values of function v and f on the grid points (x;,y;) such as

Uil U221 - UN, f1,1 f2,1 Tt fN,l

Uy U2 -+ UN2 1,2 22 ¢ N,2
U= ’ ’ ’ and F = f.’ f" f_

uiN U2 N *** UNN f1,N f2,N s fN,N

To write a linear system in the standard form Ax = b, we need to order the unknown u;; in some way.

For U = (u;;) € R™", we define a vector
T n?
vecU = (ul,h UL, U1, V20, U d, 7un,n) eR

by stacking the columns of U on top of each other.
Note that

u;j =vecU ((i — 1)n + j).
We also need to define a Kronecker product.

For A € RP? and B € R"*, define the (right) Kronecker (tensor) product

CL171B CLLQB CLLqB

ar1B asoB -+ a9 ,.,B
C—Anp— | 2P o 24

ap1B a,2B -+ a,,B

Numerical Analysis 2 (Lecture Note) Byeong-Chun SHIN, CNU



2.2 FDM for 2D Problems Introduction to Finite Difference Methods| 18

If the system has the following five points stencil

0 B3 0
ap as+ B2 ag |,
0 B4 0

then, without touching the boundary, it can be written by

Brig—1 + Pty + B3 tlipsr + a1 Up—n + oty + ag Upr y = fo

where fg = fi,j and ”&g = Ujj-
Let J; = diag(aq, as, a3) and Jy = diag(p1, 52, B3):

Qo (3 0 o --- 0 ﬁg 63 0 o --- 0

ap ay ag 0 -+ 0 B B2 B3 0 --- 0

Ji = diag(ar, az,a3) == | ST and Jo = diag(p1, B2, B3) = T
0 -+ 0 a as o3 0 - 0 B B2 B3

0 - 0 o an | 0 e 0 B B

Numerical Analysis 2 (Lecture Note) Byeong-Chun SHIN, CNU
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Then the matrix is given by the block form

[l azl 0 0 o] [H 0o 0 0- 0]
o1l asl a3l 0 0 0O J, 0 O 0

Y T
0 P DU PO PR
o --- 0 ol asl a3l 0 --- O 0 Jy 0
0 0 anl asl | 0 - o 00y

Furthermore, the matrix A is also given by the Kronecker Products:

A:J1®]‘|—[®J2.

In Matlab
>> J1 = alpil*diag(ones(N-1,1),-1) + alp2*diag(ones(N,1)) + alp3*diag(ones(N-1,1),1);
>> J2 = betl*diag(ones(N-1,1),-1) + bet2*diag(ones(N,1)) + bet3*diag(ones(N-1,1),1);
>> A = kron(J1,eye(N)) + kron(eye(N),J2);
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2.2.1 FDM FOR POISSON EQUATION

Consider the following Poisson equations:

_A'U, = f in Q = (ﬂfa,xb) X (ya;yb)a
u = 0 on 89

With h = £-2¢ and k = £ we have the following approximation scheme by FDM:

N+1 N+17
Ui1j — 2Uij + Uirj  Wigo1 — 2Uij +Uij
- h2 - k2 - fZ,]?
fori,j=1,2,---,N.
The five points stencil is given by
_ | _
0 —— 0
2
1 2 k 2 1
2R w
1
Y e Y
Let J be a tridiagonal matrix:
2 -1 0 0 0]
—1 2 -1 0 0
, 0
J = diag(—1,2,—1) :=
0
0o .- 0O -1 2 -1
| 0 e 0 -1 2

Numerical Analysis 2 (Lecture Note) Byeong-Chun SHIN, CNU



2.2 FDM for 2D Problems
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and let J, = (

From this equation, we have the following standard matrix form of Poisson Problem:

where

L
h2

A= @I +1®J,

) J and J, = (%) J. Then we have the following matrix equation

UlJ,+ J,U =F

A xveclU = vecF

In Matlab

>>

>>

>>

>>

>>

>>

>>

>>

h

X

[x,y] = meshgrid(x,y);

alpil

(xb-xa)/(N+1);
xa+th:h:xb-h;

k = (yb-ya)/(N+1);
y = yatk:k:yb-k;

% matrices

f=ft_fx,y); £ =1£0);
= -1/h"2; alp2 = 2/h"2; alp3
= -1/k™2; bet2 = 2/k”2; bet3

betl

Jx
Jy

-1/h"2;
~1/k"2;

alpl*diag(ones(N-1,1),-1) + alp2*diag(ones(N,1)) + alp3*diag(ones(N-1,1),1);
betl*diag(ones(N-1,1),-1) + bet2xdiag(ones(N,1)) + bet3*diag(ones(N-1,1),1);

Numerical Analysis 2 (Lecture Note)
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>> A = kron(Jx,eye(N)) + kron(eye(N),Jy);
A\T;

>> uh

>> Uh

reshape(uh, N, N);
>> mesh(x, y, Uh)

Numerical Analysis 2 (Lecture Note) Byeong-Chun SHIN, CNU
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2.2.2 FDM FOR ELLIPTIC EQUATION

Consider the following 2D elliptic problem:

—Au+b-Vut+cu = f inQ=(0,1) (2D)
u = 0 on 0,

where b = (b1, b%)! and ¢ are constant functions.
With h =k =1/(N + 1), we have the following approximate scheme:

Ui-1j = 2Uij + Uig1j  Wig-1 — 2Uij + Uiji1

h? k2
+ blqu’jQ_hui_l’j + bzui’jﬂ2_];%"7—1 +cuij = fij,
and then we have the following five points stencil
I 1 b2 |
0 1z + o 0
1 b 2 N 2 N 1 n b
ok REUR ¢ 2" 2h
0 - = — 0
i k2 2k i
Let A=J,®1+1®J,, where
, 1 bt 2 1 b _ 1 ¥ 2 1 b
Jx:dlag(—ﬁ—ﬁ,ﬁ+c, _ﬁ—i_%) and Jy:dlag(—ﬁ—ﬁ, ﬁ, p"‘ﬁ)
Then we have the matrix equation

UJ,+J,U=F or AxvecU = veck.

Numerical Analysis 2 (Lecture Note) Byeong-Chun SHIN, CNU
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You can also use the following tridiagonal matrices: with A =J,® [ + 1 ® J,, where

1 1 2 2
Jx:diag(—%—s—h,%ﬁ-%—kc, —%—i—;—h) and Jy:diag(—%—;)—k, 0, —%4—5—]{).
In Matlab
>> N = input('The number of points used in each axis : N = ');
>> h = 1/(N+1);
>> x = h:h:Nxh; y = X;
>> [x,y] = meshgrid(x,y); % matrices

>> f = ft_f(x,y); £ = £();

>> alpl = -1/h"2-b1/(2%h); alp2 = 2/h"2+c; alp3 = -1/h"2+b1/(2%h);
-1/h~2-b2/(2%h); bet2 2/h”2; bet3 = -1/h"2+b2/(2%h) ;
>> Jx = alplxdiag(ones(N-1,1),-1) + alp2*diag(ones(N,1)) + alp3*diag(ones(N-1,1),1);

>> Jy = betl*diag(ones(N-1,1),-1) + bet2*diag(ones(N,1)) + bet3*diag(ones(N-1,1),1);

>> betl

>> A = kron(Jx,eye(N)) + kron(eye(N),Jy);
>> uh = A\f;

>> Uh = reshape(uh, N, N);

Numerical Analysis 2 (Lecture Note) Byeong-Chun SHIN, CNU
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>> mesh(x, y, Uh)

Numerical Analysis 2 (Lecture Note) Byeong-Chun SHIN, CNU
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Matab Code ] (FDM for Elliptic Problem 1)

% Filename fdm_ellip.m
% — Lapace(u) + bl*u x + b2*xu_y + cxu = f in 0 = (0,1)72
T u =0 on boundary

function fdm ellip(k,bl,b2,c)

if k>9, disp('Too big k !'); return; end
if nargin==1, c=0; bl=0; b2=0;

elseif nargin==2, b2=bl; c=0;

elseif nargin==3, c=0;

end

N=2"%; h=1/(N+1);

X = h:h:N*h; y = x; % [h 2h 3h ... Nh]
[x,y] = meshgrid(x,y); % X, y are matrices.

%» Right hand side ( Source term )
F =ft f(x,y,bl,b2,c); % matrix
F=F(); % column vector

% Coefficient matrix

alpl = -1/h"2-b1/(2%h); alp3 = -1/h"2+b1/(2%h);
betl = -1/h"2-b2/(2xh); bet3 = -1/h"2+b2/(2+*h);
alp2 = 4/h™2+c;
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Jx = sparse(N,N); Jy = Jx; A = sparse(N"2,N72);

Jx = alpl*diag(ones(N-1,1),-1) + alp2*diag(ones(N,1)) + alp3*diag(ones(N-1,1),1);
Jy = betl*diag(ones(N-1,1),-1) + bet3*diag(ones(N-1,1),1);

A = kron(Jx, speye(N)) + kron(speye(N), Jy);

% Approximate solution

uh = A\F; % vector

% Exact solution

u = ft u(x,y); % matrix

% vector -> matrix for mesh

uh = reshape(uh,N,N); % matrix

% Error
e = u-uh; err = h*norm(e(:));
fprintf('--- Elliptic problem with b = (%g,%g), ¢ = % ——— \n',bl,b2,c);

fprintf ('N = g 12-error = %12.4e \n',6N,err);

subplot(131); meshc(x,y,u); title('Exact solution')
subplot(132); meshc(x,y,uh); title('Approximate solution')
subplot (133); meshc(x,y,e); title('Error plot')

Voo oo To oo Jo oo oo Jo o To o To Jo o To o To Jo o o o
function u = ft_u(x,y)
u = (x.72-x).*sin(pixy); % (y.72-y);

function f = ft_f(x,y,bl,b2,c)

f = -2xsin(pi*y) + pi~2%(x.72-x).*sin(pixy);
f =f + blx(2%x-1) .*xsin(pi*y) + pi*b2*(x.72-x).*cos(pix*y);
f=f + cxft_ulx,y);
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