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2 1 DIFFERENTIATION AND LINE INTEGRALS

1 Differentiation and Line Integrals

Definition (Derivative). Let U be an open set in R” and let f : U C R” — R™ be a given
function. We say that f is differentiable at xg € U if the partial derivatives of f exist

at xg and if
o 69 = f(x0) = TG —xo0)l| _

X=X [ — xol|

whrer T is the matrix with matrix elements (gg’) evaluated at xo. We call T the
J

derivative of f at xo and denote by D f(xo).

on  on
ox1 Oz
Df(xo) = DR
ot 0%
8131 8$1

Definition (Gradient). Consider the special case f : U C R" — R.
of of
109 =900 = (3L )
called the gradient of f on x.

Definition (Directional derivative). Consider the special case f: U C R" — R.

d . + hv) —
dﬁ@+wmﬂ=gmﬂx v) = f(x)

—0 h

called the directional derivative of f at x in the direction of a unit vector v if it exists.

Theorem 1.1 (Directional derivative and Gradient).

SI 1) g = DGOV = Tf() v
o)L 0560, )

U1 2 Un
o0x1 0x9 o0xy,

where v = (v1,v2,- -+ ,vy) and ||v|| = 1.

1. Assume V f(x) # 0. Then V f(x) points in the direction along which f is increas-
ing the fastest.



2. Vf(x¢) is normal to the level surface:

Let S be the surface consisting of those (z,y, z) such that f(z,y,z) = k. The
tangent plane of S at a point (z¢, yo, z0) of S is defined by the equation

V f(zo,%0, 20) - (* — 20,y — Y0,2 — 20) =0
if Vf(xo, 0, 20) # 0.

Definition (Path Integrals). The path integral or the integral of f(x,y, z) along the path
o is defined when o : I = [a,b] — R?® is C! and when the composite function t

fx(t),y(t), z(t)) is continuous on I. We define this integral by the equation
b
[ £as= [ #0.u00).20) 1 0)]
b
— [ o)l @) .

Definition (Work done by F). Let F be a vector field on R3, continuous on the C' path
o : [a,b] — R3. We define the line integral of F along o, by the formula

/UF-ds: /ab F(o(t)) - o' (t)dt

that is, we integrate the dot product of F with ¢’ over the interval [a, b].

Another case : Let F be a vector field on R? and let C' be a smooth curve with position

/CF-ds:/C(F-u)ds

where u is a unit tangent vector to C' at P, i.e.,

vector s at P. Then

d
ds = d—zds = uds.
Theorem 1.2. Suppose f : R3 — R is C! and that o : [a,b] — R3 is a piecewise C' path.

Then
/ Vf-ds = f(o(b) — f(o(a)).

Another case : For any curve C joining the points Py, Py,

Py
[ vrds= [ Vras= ) - p(r),
C Py



4 2 VECTOR FIELDS

Example. Let o(t) = (t*/4,sin3(t7/2),0), t € [0,1]. Evaluate
/ym+x@.
Sol. f(z,y,z) = xy implies Vf = (y, ,0).
/Uyderxdy:/gVf-dszf(a(l))—f(ff(o))z-
O

Example. Let F = (yz,2y,z2) and let C be a curve consisting of the curve z = y2, 2 = 0 in
the zy plane from (1,1,0) to (1,1,0).

Evaluate the work done by the force in moving the particle along C.

Sol.
r=1y% 2=0 =dr=2dy, dz=0,

F - ds = yzdx + zydy + zzdz = y3dy.

! 1
/F-ds:/ygdy:.
c 0 4

2 Vector Fields

Definition (Vector Field). A vector field on R" is a map F : A C R” — R” that assigns

to each point x in its domain A a vector F(x).

Definition (Flow line). If F is a vector field, a flow line for F is a path o(¢) such that

That is, F yields the velocity field of the path o(t).

Remark. Analytically, the problem of finding a flow line that passes through xg at time ¢ = 0

involves solving the differential equation with initial condition:

a(t) =F(o(t)); o(0)=xo.



Definition (Flows of Vector Fields). We call the mapping ¢ the flow of F when ¢(x,1t) is
defined by

the position of the point on the flow line
P(x,t) =

through x after time t has elapsed

which satisfies

0

agb(X? t) = F(¢(X7 t))

»(x,0) = x.

Remark.

9 Dadlx.1) = DeF(9(x,1) - Ded(x. 1)

is called the equation of first variation.

Theorem 2.1 (Curl of gradient and Divergence of curl).

For any C? function f we have

V x (Vf)=0.

For any C? wvector field F we have
diveurl F=V - (VxF)=0.

V x F is related to rotations
V xF =0 — F is irrotational
V - F is related to compressions and expansions

V-F =0 = F is incompressible



3 GREEN’S THEOREM [DIVERGENCE THEOREM]

3 Green’s Theorem [Divergence Theorem]

Theorem 3.1 (Green’s Theorem). Let D be a region on R? and let C be its boundary

Suppose P :— R and Q :— R are C'. Then

/ de—i—Qdy:/ <8Q—8P> dx dy.
o+ D 333 8y

Proof.
a—Qdazdy on D = Qdy on CT, a—Palavdy on D =
ox dy
O

— Pdx on CT.

Example. For P(z,y) = z and Q(x,y) = zy where D is the unit disc 2> 4+ y*> < 1.

27
/ Pdx + Qdy = / [(cost)(—sint) + costsintcost]dt = 0.
oD 0

So
P
/ @—6— dxdy:/ydxdyzo.
p \ Oz Jy D

Corollary 3.2. If C is a simple closed curve that bounds a regin to which Green’s Theorem

applies, then the area of the region D bounded by C' is

A:/ xdy — ydz.
2 Jop

Since
1 1 oxr  J(—y) B B
3 /aD:L‘dy yd:z:—2 /D<3x 3y >da:dy—/D dxdy = A.

Theorem 3.3 (Vector Form of Green’s Theorem). Let D C R? be a region and let 0D
be its boundary. Let F = Pi+ Qj be a C' vector field on D. Then

/ F-ds:/(curlF)-de:/(VxF)~de
oD D D

where
i j k
_ 0 lel o]
VxF= b By o
P(z,y) Qx,y) 0



Example. Let F = (zy?,y + z). Integrate (V x F) - k over the region in the first quadrant

bounded by the curves y = 22 and y = x.

Sol. The First Case :

0F, 0F,
Oz oy

//(v « F)-kdwdy:/ol /;(1—2xy)dydy
D

1
— / ly — 2y da
0

1
1
3_ .25
/0[$ x’ — x4+ 2| dz B

VxF:<0,0, >:(1—2:cy)k = (VxF)-k=1-2xy.

Hence

The Second Case :
With C; : y=x and Cy : y = 22,

/ FdS:/ Fidx + Fy dy.
8D C1UC>

1 1
/ Fidx + Fody = / (zy?)dz + (y + z)dy = / (zz?)dx + (z + 2)d(x)
c 0 0
1 ) 5
= / (23 + 22)dx = =
0 4
1 1
/ Fide + Fady = / (2y?)dz + (y + 2)dy = / (@(@®)?)dz + (z + 22)d(a?)
C 0 0
2 ) 4
= / (2° 4 222 + 22%)dx = —.
0 3
O

Theorem 3.4 (Divergence Theorem in the Plane). Let D C R? be a region and let 0D

be its boundary. Let n denote the outward unit normal to D, which is given by

(y'(t), =2'(t)) <dy dm) .

do’ do

V@ ()2 + /(1)

if o :[a,b] — R%,  t o(t) = (2(t),y(t)) is positively oriented parametrization of OD.




3 GREEN’S THEOREM [DIVERGENCE THEOREM]

Let F = (P,Q) be a C! vector field on D. Then

/ F-nds:/V-FdA.
oD D

since / F-nd5:/ de—le‘:/ <6P+8Q> da:dy:/dideA.
aD oD p\0z 0Oy D

For the 8D-case :

/AngV—/V-VgodV—/V(p-dS—/V(p.ndS_/asOds_
R R s S g On



4 Stokes’ Theorem

Let S be a surface given by z = ¢(z,y) on D.

//fxy, )ds - //fa:y 1+ 62 + 02 dudy
1 . —1
dsS = ‘ dxdy = mdxdy with cosy = —/—m——.

since

where cos v is the z—component of unit normal of S : ®(z,y,2) = z — ¢(z,y).

[Change of variables]

r= f(u,v), y=gu,v) : R—TR

l/F(x,y)dxdy _ //F ) uv))'ggz:ig

Theorem 4.1 (Surface integrals of vector field). Let F be a vector field on a surface S :
z=¢(x,y) on D. Then

/F-dS:/F-ndS
S S
= /D[Fl(—zx) + Fo(—zy) + F3] \/1 + 22 + 22 dxdy.

Theorem 4.2 (Stokes’ Theorem for Graphs). Let S be the oriented surface defined by a
C? function z = f(z,y), (z,y) € D, and let F be a C' vector field on S. Then if S

denotes the oriented boundary curve of S as defined above we have

dxdy.

/curlF-dS—/(VxF)-dS—/(VxF)-ndS— F - ds.
S S S oS

Thus Stokes” Theorem says that the integral of the normal component of the curl of a vector

field F over a surface S is equal to the integral of the tangential component of F around the
boundary 0S.

1. In general fc F - ds, being the integral of the tangential component of F, represents the

net amount of turning of the fluid in a counterclockwise direction around C'.
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2. One therefore refers to [, F - ds as the circulation of F around C'.

3. curl F(P) - n is the circulation of F per unit area on a surface perpendicular to n

4. Ovserve that the magnitude of curl F - n is maximized when n = curl F/||curl F||.

5. Therefore the rotating effect at P is greatest about the axis parallel to curl F/||curl F||.

6. Thus curl F is aptly called the volticity vector.

5 Conservative Fields

Theorem 5.1 (Conservative vector Fields). Let F be a C! vector field defined on R? ex-

cept possibly for a finite number of points. The following conditions on F are all equivalent:

(i) For any oriented simple closed curve C, [, F-ds=. So [, V-FdA=0.

(13) For any two oriented simple curves Ci, Cy with the same endpoints, fC1 F.ds =

Je, F-ds.
(731) F is the gradient of some function ; (F =V f)
(i) VxF=0. (V-F=0-—VxF=0)

Example. Consider the vector field F on R? defined by
F(z,y,2) = (y, xcosyz + x, ycosyz).
Show that F is irrotational and find a scalar potential for F.

Sol. 1. Clearly, V x F = 0.

2. By setting
T Y z
f@w2) = [ BE0.0d+ [ R0+ [ R,
0 0 0
one can show that F =V f. O

Theorem 5.2. IfF is a C' vector field on R? with div F = 0, then there exists a C' vector
field G with F = curl G.
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6 Gauss’ Theorem

Theorem 6.1 (Gauss’ Divergence Theorem in 3D). Let Q2 be a region in R3. Denote by
0N) the oriented closed surface that bounds Q2. Let F be a smooth vector field defined on ).
Then

/(V.F)dvz F - dS
Q o0

or alternatively

/Q(div F)dV:/ (F -n) dS.

o0N

Example. Use the Divergence Theorem to evaluate
/ (22 +y +2)dS
ow
where W is the solid ball 22 + y? + 22 < 1.
Sol. We must find some vector field F = (F, Fy, F3) on W with
F-n=z*+y+z

At any point (z,t,2) € OW the outward unit normal n to OW is n = (z,y, z). Therefore,

from an equation

F~n:F1x+F2y+F3z:x2+y+z
we set and solve for F} | Fy, F3 to find that F = (z,1,1) and divF =1+0+40=1.

Thus by Gauss’ Divergence Theorem

4
/ (x> 4y +2)dS = / dV = volume(W) = —7.
ow W 3
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7 Application to 2D Incompressible Fluid Flow

If the flow is divergenceless and irrotational, (that is, if there are no distributions of sources or
sinks or of vortices, about which the fluid tends to rotate, and if also the fluid is assumed to be
incompressible) we have seen that the velocity vector V is the gradient of a function ¢, called
the velocity potential, and that ¢ satisfies Laplace’s equation.

That is, for such a V, 3 ¢ s.t. V=V and Ap = 0.
e The equipotential lines : the level curve ¢(z,y) = ¢;.

e The streme lines : the velocity vectors of the streamelines ¢(z,y) = c2 are normal to

equipotential lines ¢(z,y) = ¢1, that is,

Ve Vi =0

Example. For the velocity vector V = (2z, —2y),

e there exists a velocity potential ¢ = z? — 32 by using integration.

e the equipotential curves in the zy plane are the hyperbolas 22 — y? = ¢;.

e from the equation
dp Op
=(———, =) = (2y,22),
we can determine the stremelines which is the hyperbolas ¢ = 2zy = ca.
e considering ¥ = 2zxy as the velocity potential in a conjugate flow yields that ¢ =

22 — 4% can be considered the stream function.



