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1. a) Find the general solution of the following underdamping(c2 < 4mk) free vibration

system

my′′ + cy′ + ky = 0.

(Ans) mλ2 + cλ+ k = 0 → λ = α± iβ with α = −c/2m, β =
√
−(c2 − 4mk)/2m

→ y = eαt(C1 cos βt + C2 sin βt)

b) With the coefficients m = 1, k = 2 and c = 2, find the general solution for the

following forced vibration system

my′′ + cy′ + ky = e−t cos t.

(Ans) yh = e−t(C1 cos t + C2 sin t), yp = (1/2) t e−t sin t → y = yh + yp

2. Find the fundamental solution y1(x) and y2(x) using the power series solution

method at x = 0 for the following problem:

(1− x2)y′′ − 2xy′ + 2y = 0.

(Ans) y1 =
∑∞

n=0
1

2n−1
x2n = −1 + x2 + 1

3
x4 + · · · , y2 = x

3. For the following Euler’s equation with a singularity at x = 0

x2y′′ + αxy′ + βy = 0, (x > 0),

find the general solution when (α− 1)2 − 4β < 0.

(Ans) y = xr, r = µ± iν with µ = −α−1
2

, ν =

√
−(α−1)2+4β

2

→ y = xµ (C1 cos(ν log x) + C2 sin(ν log x))

4. Find the Laplace transforms or inverse Laplace transform:

a) L{e−t sin ωt} b) L−1

{
s2 − ω2

(s2 + ω2)2

}

(Ans) a) L{e−t sin ωt} = ω
(s+1)2+ω2

b) L−1{F ′(s)} = −tf(t) → L−1
{

s2−ω2

(s2+ω2)2

}
= L−1

{
− (

s
s2+ω2

)′}
= t cos ωt

5. Using the Laplace transform, solve

y′′ − y′ − 2y = f(t), y(0) = 5, y′(0) = −1,



where

f(t) =

{
1 if 0 ≤ t < 2,

0 if t ≥ 2.

(Ans) f(t) = 1− u2(t), L{uc(t)f(t− c)} = e−csF (s)

→ 1
(s+1)(s−2)

Y (s) = (5s− 6) + 1
s
(1− e−2s)

→ Y (s) = 11
3(s+1)

+ 4
3(s−2)

+
(
− 1

2s
+ 1

3(s+1)
+ 1

6(s−2)

)
(1− e−2s)

→ y(t) = −1
2

+ 4e−t + 3
2
e2t + u2(t)

(
1
2
− 1

3
e−(t−2) − 1

6
e2(t−2)

)

6. Using Laplace transform of convolution, solve the following integro differential equa-

tion

y(t) = sin 2t +

∫ t

0

y(u) sin 2(t− u) du.

(Ans) Y (s) = 2
s2+4

+ Y (s) 2
s2+4

→ y(t) =
√

2 sin
√

2t


