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Spectral Collocation Method and FDM Preconditioning

m Spectral Collocation Method
= FDM for elliptic equation
= FDM for elliptic equation
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Spectral Collocation Method and FDM Preconditioning Spectral Collocation Method

Spectral Collocation Method

Basic Program : on 1-dimension interval (a, b)

to find differentiation matrix, Gauss-Lobatto points and weights

[D, t, w]l = leq_mat(N); % N = poly order, [cheb_mat(N)]
at+(b-a)/2*x(t+1); w = (b-a)/2%w;

t

D = 2/(b-a)*D;

Two dimensional version : (c.f. sparse matrices)

[xg,yg]l = meshgrid(t,t); % 2-D Gauss points

W = kron(diag(w), diag(w)); M = eye(N"2);

Sx = kron(D, eye(N)); Sy = kron(eye(N), D);
Lap = kron(D"2, eye(N)) + kron(eye(N), D~2);
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Boundary Nodes :

b_1 = 1:N; b_b = N+1:N:Nx(N-2)+1;

b_t = 2*%N:N:N*(N-1); b_r = Nx(N-1)+1:N:N"2];

bind = sort([b_l, b_b, b_t, b_r]); % boundary nodes
iind = setdiff([1:N"2], bind); % interior nodes

Let Q = (a, b)2. Consider the following equation
—E(X,y)AU + b(X,y)VU + C(Xay)u = f(X7y)

or

_e(va)(uXX + Uyy) + bl(va)uX + bZ(XaY)Uy + C(va)u = f(X,y)

Dirichlet Boundary condition :

u(x,y) = g(x,y) on 0.
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Spectral Collocation Method and FDM Preconditioning Spectral Collocation Method
Denote by

E = diag(e(xg, yg)); C = diag(c(xg,yg));

Bl = diag(b_1(xg,yg)); B2

diag(b_2(xg,yg));

U = approximate vector for solution u(xg, yg).

The resulting linear system :
LyvU=F

where

L_N = -ExLap + B1xSx + B2%Sy + CxM;

L_N(bind,:) = 0; L_N(bind,bind) = eye(length(bind));
F = f(xg,yg);

F(bind) = g(xg(bind), yg(bind));
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Spectral Collocation Method and FDM Preconditioning Spectral Collocation Method

Finite Difference Method

Let hj: tj+1 — tj forj: ]_, ,N—]_. ie., h = diff(t).

Then, the finite difference scheme is given by
2 Ui—1;j ( 1 1 ) Ui+1j]
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Then we have the following five points stencil
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Spectral Collocation Method and FDM Preconditioning Spectral Collocation Method
Let

Jo = diag(ai-1, aj, @jp1) and  J, = diag(Bj-1, 5;, Bj+1)-

bl = 0; b2 = 0; c =0; % for example

h = diff(t); % (N-1) vector

2./(C h(2:N-1)+h(1:N-2) );

h_p = 2./(C h(2:N-1) .*h(1:N-2) );

alpl = -h_s./h(1:N-2) - bixh_s/2; % (N-2)-vectors

h_s

alp2 = h_p;

alp3 = -h_s./h(2:N-1) + blxh_s/2;
betl = -h_s./h(1:N-2) - b2*xh_s/2;
bet2 = h.p + c;

bet3 = -h_s./h(2:N-1) + b2xh_s/2;
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Spectral Collocation Method and FDM Preconditioning Spectral Collocation Method

In Matlab

Jx = diag([alpl,0],-1) + diag([1,alp2,1]) + diag([0,alp3],1.

Jy = diag([bet1,0],-1) + diag([1,bet2,1]) + diag([0,bet3],1]

B_N = kron(Jx, eye(N)) + kron(eye(N), Jy);
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Preconditioning Spectral Collocation Method by FDM

< Du Fort-Frankel Method >

to solve the preconditioned system :
—1 —1
By LnU= By F.

Let
vl 1 t oy a1
= with & =(1,-1,1,-1,--- | 1)", V=B,  Lyo.
[P n

With initial guesses Up = Uy = By F,

Ut = a| — By (Ly Uk — F) + 202 Uk | + B U1

where

20 1 1—20 102 1 n+ 1
o= N = s = —, 0‘2 = .
1+ 20107 1+ 20107 VI 4
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Spectral Collocation Method and FDM Preconditioning Spectral Collocation Method

Implementation of Du Fort-Frankel Method

mynorm = Q@(x) sqrt(x’*Wxx);

[L,U] = 1u(B_N); % LU-decompostion of B_N

phi = ones(N,1);

phi(2:2:round (N/2)) = -phi(2:2:round(N/2)); % phi
psi = U\ (L \ (L_N#phi) ); h psi

mu = mynorm(psi)/mynorm(phi) ;

sigl = 1/sqrt(mu); sig2 = (mu+l)/4;

(1,-1,1,-1,
inv(B_N)*L_N*phi

L)

alp = 2*sigl/(1+2*sigl*sig2); bet = (1-2*sigl*sig2)/(1+2xsiglxsig2);
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Spectral Collocation Method and FDM Preconditioning Spectral Collocation Method

X0 = U\(L\F); X1 = XO0;
iter = 0;
R = Ln*X1-F; ¥ residual

R_err = mynorm( R );

while R_err > tol
Xn = alp*( -U\(L\R) + 2%sig2#X1 ) + bet*X0;
X1 = Xn; X0 = X1;
R = L_N*X1-F;
R_err = mynorm( R );
iter = iter+l;

end
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